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Abstract. We show that the fractal Euler characteristic and the Minkowski 
content of a limit set of a conformal graph directed system, which consists of 
similarities, exist if and only if the associated geometric potential function is 
non-lattice. This extends a result by M. L. Lapidus and M. van Prankenhuijsen 
for non-degenerate self-similar subsets of R that satisfy the open set condition 
with connected feasible open set. We moreover generalise to systems consisting 
of conformal maps and in particular obtain that limit sets of Fuchsian groups 
of Schottky type arc always Minkowski measurable. This proves a conjecture 
of M.L. Lapidus from 1993. We additionally gain results on the existence of 
local versions of the fractal Euler characteristic and the Minkowski content 
of limit sets of conformal graph directed systems. These local versions turn 
out to be constant multiples of the (5-conformal measure, whenever they exist, 
where S denotes the Minkowski dimension of the limit set. 



1. Introduction 

In [KK12] the authors examined the existence of the Minkowski content and 
of the fractal Euler characteristic for self-conformal subsets of M, that are sets 
which arise as the invariant sets of conformal iterated function systems (cIFS), see 
Definition 2.8. These studies are continued in this present article. We consider 
the Minkowski content and the fractal Euler characteristic for limit sets of finite 
conformal graph directed systems (cGDS), that are embedded in R, as introduced 
for instance in [MU03]. The class of cGDS generalises the class of cIFS that was 
studied in [KK12] and gives rise to a much richer collection of fractal sets. Sets 
which belong to the former class but not to the latter include limit sets of Fuchsian 
groups of Schottky type, limit sets of Markov interval maps and invariant sets of 
cIFS satisfying the open set condition (OSC) with disconnected feasible open sets 
(see Section 4 for more details on these and other examples). 

Previous to [KK12] mainly self-similar fractals were investigated with respect 
to the existence of the Minkowski content. One important result for such sets 
is that a non-degenerate self-similar subset of M. that satisfies the open set condi- 
tion with connected feasible open set is Minkowski measurable if and only if the 
associated geometric potential function is non-lattice [LP93, Fal95, LvF06]. We sig- 
nificantly extend this result and provide an alternative proof by showing that the 
analogous statement is true also in the graph directed setting. To be more precise, 
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we obtain that the hmit set of a cGDS that consists of similarities (sGDS) and 
is non-degenerate is Minkowski measurable if and only if the sGDS is non-lattice 
(Corollary 3.17). This convenient equivalence statement for systems consisting of 
similarities unfortunately fails to hold for general conformal systems: In [KK12] it 
was shown that there exist non-degenerate self-conformal sets arising from lattice 
cIFS for which the Minkowski content and the fractal Euler characteristic exist. 
Since self-conformal sets are special types of limit sets of cGDS we cannot expect 
the equivalence to be valid for general limit sets of cGDS either. In Theorem 3.14 
we provide a sufficient condition for the Minkowski content and the fractal Euler 
characteristic of a limit set of a cGDS to exist in the lattice case and moreover prove 
existence in the non-lattice situation. Furthermore, we show in Theorem 3.14 that 
an average version of the Minkowski content always exists and provide an explicit 
formula to determine its value. 

The geometric potential function of a Fuchsian group of Schottky type is non- 
lattice, and thus we obtain as a corollary to Theorem 3.14 that the Minkowski con- 
tent of a limit set of a Fuchsian group of Schottky type always exists (see Section 4.5). 
This result proves a conjecture by M. L. Lapidus from 1993 [Lap93], which plays 
an important role in the context of the Weyl-Berry conjecture. The Weyl-Berry 
conjecture for fractal drums is a conjecture on the distribution of the eigenvalues of 
the Laplacian on a domain with a fractal boundary (see [LP93, Lap93, Fal95]). It 
addresses the problem of describing 'the relationship between the shape (geometry) 
of the drum and its sound (its spectrum).' [LvF06, p.l] A more detailed exposition 
on the results from the literature and on the above mentioned conjecture will be 
given in Remark 3.22. 

The Weyl-Berry conjecture is one of the main motivations for studying the 
Minkowski content, see for instance [Lap93, LvF06, Koml2]. A second motivation 
for studying the Minkowski content of a fractal set arises from non-commutative ge- 
ometry: In Connes' seminal book [Con94] the notion of a non-commutative fractal 
geometry is developed. There it is shown that the natural analogue of the volume 
of a compact smooth Riemannian spin^ manifold for a fractal set in R is that of the 
Minkowski content. This idea is also reflected in [GI03, SamlO, FSll]. 

Another main motivation for studying the Minkowski content arises from frac- 
tal geometry, where one aims to find characteristics that describe the geometric 
structure of a fractal set. The Minkowski content can be viewed as such a tool. It 
complements the notion of dimension and is capable of distinguishing between sets 
of the same Hausdorff- or Minkowski dimension. More precisely, considering two 
fractal sets Fi,F2 Q [0,1] with {0,1} C Fi,F2 which are of the same Minkowski 
dimension, the Minkowski content compares the rate of decay of the lengths of the 
£-parallel neighbourhoods of Fi and i^2- In this way it can be interpreted as "frac- 
tal length". Also the fractal Euler characteristic can be viewed as a characteristic 
describing the geometric structure of a fractal set beyond its dimension. It was first 
introduced and examined in [LW07] and was further investigated in the context of 
fractal curvature measures in [Win08]. If the ambient space is of dimension one, 
then there are two fractal curvature measures: The 0-th fractal curvature measure 
is a localised version of the fractal Euler characteristic (which we call the local 
fractal Euler characteristic) and the 1-st fractal curvature measure is a localised 
version of the Minkowski content (which we call the local Minkowski content). The 
term "curvature" is appropriate for higher dimensional ambient spaces but strictly 
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speaking not for one-dimensional spaces. However, we will sometimes use the term 
fractal curvature measures to refer to both the local Euler characteristic and the 
local Minkowski content. The local Minkowski content and the local fractal Euler 
characteristic arc Borcl-measurcs which describe the "fractal length" and "fractal 
Euler characteristic" of a given fractal inside of a Borcl set. Wc obtain that these 
measures exist for limit sets of non-lattice cGDS and arc constant multiples of the 
associated (5-conformal measure, where 6 denotes the Minkowski dimension of the 
limit set (see Theorem 3.13). For limit sets of lattice sGDS we prove that these mea- 
sures do not exist (see Theorem 3.16). They neither exist for C^"''"-diffeomorphic 
images of limit sets of lattice sGDS (see Theorem 3.18). This latter statement is 
important to note, since there exist C^+^-diffeomorphic images of limit sets of lat- 
tice sGDS for which the Minkowski content and the fractal Euler characteristic do 
exist (see Example 4.4). Also for limit sets of lattice cGDS consisting of analytic 
maps, the local Minkowski content and the local fractal Euler characteristic do not 
exist (see Theorem 3.13). However, we show that in the lattice situation average 
versions of the local Minkowski content and the local fractal Euler characteristic 
of a limit set of a cGDS always exist and arc constant multiples of the associated 
(5-conformal measure, where 6 denotes the Minkowski dimension of the limit set (sec 
Theorem 3.13). For an overview of the relevant literature and more background on 
the (local) Minkowski content and the (local) fractal Euler characteristic, we refer 
the reader to [KK12, Koml2]. 

We also remark that there are several recent articles dealing with the existence 
of the Minkowski content in higher dimensional ambient spaces. An important 
contribution is provided by [GatOO] , where it is shown that the Minkowski content of 
self-similar sets arising from non-lattice IFS that satisfy the OSC exists. Alternative 
proofs of this result and further investigations on the lattice case arc provided 
in [DKO+10; LPWll]. Minkowski mcasurability of sclf-conformal sets in higher 
dimensional ambient spaces has been studied in [Komll]. There it is shown that, 
under certain geometric conditions, a sclf-conformal set arising from a non-lattice 
cIFS is Minkowski measurable. For an overview of the recent development of this 
research area we refer the reader to the survey article [Koml2]. 

This article is organised as follows. In Section 2 we give the construction of 
cGDS and their limit sets. In Section 3 we present our main results on the existence 
of the Minkowski content, the fractal Euler characteristic and their local versions. 
Section 4 is devoted to demonstrating how the new results can be applied to various 
classes of examples of limit sets of cGDS. Sections 5 to 7 deal with the proofs of the 
main theorems. More precisely, in Section 5 wc provide some background and prove 
auxiliary results. With this knowledge we provide the proofs of our main theorems 
concerning limit sets of cGDS (Theorems 3.13 and 3.14) in Section 6. Section 7 
deals with the proofs of Theorems 3.16 and 3.18, which arc concerned with the 
special cases of sGDS as well as C^+"-diffeomorphic images of limit sets of sGDS. 

2. CONFORMAL GRAPH DIRECTED SYSTEMS 

A core text concerning conformal graph directed systems (cGDS) is [MU03]. The 
class of cGDS generalises the notion of conformal iterated function systems and gives 
rise to a much richer class of fractal sets such as limit sets of Fuchsian groups. In 
Section 4 we give examples of classes of fractal sets which can be obtained via a 
cGDS. In this section, we present the relevant definitions. 
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Definition 2.1 (Directed niultigraph) . A directed multigraph {V,E,i,t) consists of 
a finite set of vertices V, a finite set of directed edges E and functions i,t: E ^ V 
which determine the initial and terminal vertex of an edge. The edge e € E goes 
from i{e) to t{e). Thus, the initial and terminal vertices of e are «(e) and t{e) 
respectively. 

Definition 2.2 (Incidence matrix). Given a directed multigraph {V,E,i,t), an 
{^E) X (#i?)-matrix A with entries in {0, 1}, which satisfies Ae.e' = 1 if and only if 
t(e) = i{e') for edges e, e' G E, is called an incidence matrix. The incidence matrix 
A is called aperiodic and irreducible if there exists an n S N such that the entries 
of the n-foldcd product A" are all positive. 

Definition 2.3 (GDS). A graph directed system (GDS) consists of a directed 
multigraph (l/,i?, with incidence matrix A, a family of non-empty compact 
connected metric spaces (Xi,)i,gy and for each edge e € E an injective contraction 
(pe '■ ^t(e) ~^ ^i(e) with Lipschitz constant less than or equal to r for some r S (0, 1). 
Bricfiy, the family $ := (0e : Xt{e) -'^i(e))eG£; is called a GDS. 

In this paper, we consider fractal subsets of the real line. Therefore, we restrict 
the definition of a cGDS to the one-dimensional Euclidean space (R, |-|). For a 
subset Y of (M, |-|) we let int(y) denote its interior and Y its closure. 

Definition 2.4 (cGDS). A GDS is called conformal (cGDS) if 

(i) for every vertex v €V , is a compact connected subset of (K, |-|) satis- 
fying = mi{Xy), 

(ii) the open set condition ( OSC) is satisfied, in the sense that, for all e 7^ e' G 
E we have 



(iii) for every vertex v ^ V there exists an open connected set D X^ 
such that for every e € E with t{e) = v the map 0e extends to a C^"^"- 
diffeomorphism from Wy into VFi(e) , whose derivative 0g is bounded away 
from zero on Wy, where a G (0, 1]. 

We also consider the special case of cGDS where the contractions (jie for e G i? 
are similarities: 

Definition 2.5 (sGDS). A cGDS, whose maps (j>e are similarities for e G E, is 
referred to as sGDS. 



Remark 2.6. In the sequel, we will often refer to results from [MU03], where confor- 
mal graph directed Markov systems (cGDMS) are treated. Such systems differ from 
cGDS in the sense of Definition 2.4 in the following way. Firstly, an incidence matrix 
for a cGDMS only fulfils the property that A^^e' — 1 implies t{e) = i(e'). Secondly, 
we require the contractions 0e for e G i? to extend to C^+"-diffeomorphisms with 
derivatives bounded away from zero, whereas for a cGDMS the contractions need 
to extend to C^-diffeomorphisms and are required to satisfy a bounded distortion 
property. However, every cGDS in our sense is a cGDMS in the sense of [MU03]. 
Gonversely, disregarding the second difference, a cGDMS in M can always be rep- 
resented by a cGDS in our sense, namely by substituting {(/)e{Xt(^e)))eeE in for the 
sets {Xy)yQV and defining the edges accordingly. 



0e(int(A:t(e))) n 0e'(int(Xt(e'))) = and 
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In order to define the limit set of a cGDS, we fix a cGDS witli tlie notation from 
Definitions 2.3 and 2.4. The set of infinite admissible words given by the incidence 
matrix A is defined to be 

(2.1) := {uj = UJILJ2 ■■■eE^ I A„„,^„+i = 1 for aU n G N}. 

The set of sub- words of length n e N is denoted by E^ and the set of all finite sub- 
words including the empty word by E'^. For a finite word ui G E'^ we let n(u;) 
denote its length, where n{0) := 0, define (j)0 to be the identity map on Uuey -^v 
and for uj E EW {0} set 

where we let Wi denote the i-th letter of the word uj for i G {1, . . . , that 
is — uji ■ ■ ■ w„(^) . For two finite words u ~ ui • ■ • u„, lu ~ coi ■ ■ ■ LOm G E\, we 
let uu := ui ■ ■ ■ UnLOi ■ ■ ■ uJrn G E\ denote their concatenation. Likewise, we set 
uui := Ml • • • UnUJii02 ' ' ' for It Mi • • • Un G E\ and w = wicj2 • • • G E'^ . For an 
infinite word uj = luilo2 ■ • ■ G E^ and n G N the initial word of length n is defined 

to be Uj\n '■= UJi ■ ■ ■ LUn- 

For w G E^ the sequence of sets (Xi(^^^)))„gN form a descending sequence 
of non-empty compact sets and therefore HneN 'f'<^\n (^i(w„)) 7^ ^- Recall from Defi- 
nition 2.3 that we let r G (0, 1) denote a common Lipschitz constant of the functions 
(f>e for e G E. Since diam(0^[^^ < r"diam(X4(^^)) < r" max{diam(Xi,) | 

V G V} for every n G N, the intersection 

n 0c^|„(^t(a;„)) 
neN 

is a singleton and we denote its only element by 7r(cj). The map tt : E^ iJvev -^v 
is called the code map. 

Definition 2.7 (Limit set of a cGDS). The limit set of the cGDS (0e)ee-E is defined 
to be 

F:^n{ET). 

Limit sets of cGDS often have a fractal structure. They include invariant sets 
of conformal iterated function systems, the so-called self-conformal sets, as well as 
self-similar sets. These are defined as follows. 

Definition 2.8 (cIFS, self-conformal set, self-similar set). A conformal iterated 
function system (cIFS) is a cGDS := ("01, • ■ • , V'Af) whose set of vertices V is 
a singleton and whose set of edges contains at least two elements. The unique 
limit set of a cIFS is called the self-conformal set associated with 4*. In the case 
that the maps ipi, . . . ,ipN are similarities, the limit set is called the self-similar set 
associated with ^E*. 

In order to show the significance of cGDS, Section 4 is devoted to examples of 
important classes of such sets. 

3. Main Results 

3.1. Notation, Definitions and First Results. Before stating our results, let 
us begin with recalling the relevant notations and definitions, in particular the 
local Minkowski content and the local fractal Euler characteristic. For further 
background we refer the reader to [KK12]. We let A° and respectively denote 
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the counting measure and the one-dimensional Lebesgue measure. For e > we 
define 1^ := {x G R | infygyja; — y\ < e} to be the e-parallel neighbourhood of 
y C K and let dY denote the boundary of Y. 

Definition 3.1 (Scaling exponents). For a non-empty compact set F C M the 0-th 
and 1-st curvature scaling exponents of Y are respectively defined to be 

so{Y) := mi{t e R | e*X°{dY^) -> as e ^ 0} and 

si{Y) inf{i £ R | e^X\Y,) as e ^ 0}. 

Definition 3.2 (Local fractal Euler characteristic, local Minkowski content). Let 
y C M denote a non-empty compact set. Provided, that the weak limit 

C^{Y, ■) w-hme'^^^^X^idY, f) ■)/2 

of the finite Borel measures e'^°'^^^ X^{dYg n •)/2 exists, we call it the local fractal 
Euler characteristic of Y. Likewise, the weak limit 

C/(y, •) := w-lime'^^^h^Y, n ■) 

e— !-0 

is called the local Minkowski content of Y , if it exists. Moreover, for a Borel set 
B C R we set 

ci{Y,B) := limsup£'«(^U°((9ye nB)/2, c{{Y,B) := \imsupe'''^^h\Ye D B), 
Cl{Y,B) liminf £''«(^)A"((9y, nB)/2, C({Y,B) := e'^^^'^ X^ [Y, f] B). 

Remark 3.3. The fractal Euler characteristic was investigated first in [LW07]. In 
higher dimensional ambient spaces, the local fractal Euler characteristic and the 
local Minkowski content belong to the class of fractal curvature measures as intro- 
duced by S. Winter in [Win08]. Although the notion of curvature is appropriate 
only in higher dimensional ambient spaces, we will use the terminology from higher 
dimensions and refer to the fractal Euler characteristic and the local Minkowski 
content as the 0-th and 1-st fractal curvature measure respectively. 

We will see that the fractal curvature measures of limit sets of cGDS do not 
always exist. In these cases, however, the following average versions do exist. 

Definition 3.4 (Average local fractal Euler characteristic, average local Minkowski 
content). Let F C R denote a non-empty compact set. Provided that the weak limit 
exists, we call 

CliY, ■) := w-lim|lnT|-i j e'^^^^-^X^idY^ n ■)de/2 

the average local fractal Euler characteristic of Y (or the 0-th average fractal cur- 
vature measure of Y) and let the weak limit 

Cf (F, •) := w-limllnTri / e'^^^^-^X^iY^ n Me 

denote the average local Minkowski content of Y (or the 1-st average fractal curva- 
ture measure of Y). 

Remark 3.5. If Cl{Y, ■) exists, then also C/(F, •) exists and the two signed Borel 
measures coincide. 
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The definition of the 1-st curvature scahng exponent resembles the definition of 
the Minkowski dimension, which coincides with the box counting dimension (see 
[Fal03, Proposition 3.2]), and is defined next. 

Definition 3.6 ((Upper and lower) Minkowski dimension). For a non-empty com- 
pact set y C K the upper and lower Minkowski dimensions are respectively defined 

by 

dimj\f (y) := 1 — liminf — ^ — and dim^^(y) := 1 — limsup — —. 

e\o Ine ex^o Ine 

In the case that the upper and lower Minkowski dimensions coincide, we call the 
common value the Minkowski dimension of Y and denote it by dimjv/(y). 

For limit sets of cGDS with aperiodic irreducible incidence matrix the Minkowski 
dimension always exists (see Theorem 5.6). Moreover, as we will see, such a limit set 
is either a non-empty compact interval or has one-dimensional Lebesgue measure 
(see Proposition 5.1). In order to determine the fractal curvature scaling exponents 
we have to distinguish between these two cases. 

Proposition 3.7. Let S denote the Minkowski dimension of the limit set F of a 
cGDS. If \^{F) ^ 0, then So{F) = S and si{F) = S - 1. If F is a non-empty 
compact interval, then so{F) = si{F) ~ 0. 

Let us first consider the latter situation of the above proposition. In this case, 
as an immediate consequence of Proposition 3.7, we obtain the following complete 
description. 

Corollary 3.8. IfYcRisa non-empty compact interval, then both the 0-th and 
1-st fractal curvature measures exist and satisfy 

Co^(y,.) = A°(ayn-)/2 and C{{Y,-) ^ \^{Y ^■). 

Let us now focus on limit sets with one-dimensional Lebesgue measure 0. Here, 
the total mass of the 1-st (average) fractal curvature measure is given by the (aver- 
age) Minkowski content: 

Definition 3.9 ((Upper and lower) Minkowski content, average Minkowski con- 
tent). Let y C M denote a set for which the Minkowski dimension dimM(^) exists. 
The upper Minkowski content JV[{Y) and the lower Minkowski content M_{Y) of Y 
are defined to be 

M{Y) :=limsupe'^™^^('*')-iAi(ye) and M{Y) ■.= \ixnmie'^''^"^^^-^\^{Y,). 

If the upper and lower Minkowski contents coincide, then we denote the common 
value by M.{Y) and call it the Minkowski content of Y. In the case that the 
Minkowski content exists, is positive and finite, we call Y Minkowski measurable. 
The average Minkowski content of Y is defined to be the following limit, provided 
it exists 



M{Y):= limllnrri / e^-'^X^ {Y.)Ae. 

Y, ■) exists, then X(y) exists and C/(y, B 
The same connection holds for the lower, upper and average versions. 



IT 

Remark 3.10. If C/(y, •) exists, then X(y) exists and C/(y, R) and M{Y) coincide. 



8 



MARC KESSEBOHMER AND SABRINA KOMBRJNK 



For stating our results on limit sets of one-dimensional Lebesgue measure 0, 
we fix a cGDS {V, E,i,t, A) and assume that the incidence matrix A is aperiodic 
and irreducible (see Definition 2.2). Let {X^)y^v denote the associated non-empty 
compact connected subsets of M and let $ := (0e : ^t{e} ~^ ^i{e))e£E denote the 
family of injectivc r-Lipschitz maps for some r S (0, 1). Further, let F denote the 
unique limit set and let (5 dimj\/(i^) be its Minkowski dimension. A central role 
with regard to our results is played by the geometric potential function: 

Definition 3.11 (Geometric potential function, shift-map). The geometric poten- 
tial function ^: R is defined by ^{lu) := — ln|(/)^^ (7r(o'w))| for uj ~ LdiUJ2 ■ • • £ 
E"^ . Here cr: E'^U E'^ — > i?^ U E^ denotes the shift-map which is defined by 
cr(a;) := for cj G {0} U E\, a{oJi • • • a;„) := uj2 ■ ■ ■ UJn G ^^^"^ for wi • • • w„ g E'l, 
where n > 2 and (j{uji0J2 • • • ) := ^2^3 • • ■ G E^ for UJ1UJ2 ■ ■ ■ £ . 

We equip E^ with the product topology of the discrete topologies on E and 
equip the set of infinite admissible words E"^ C E^ with the subspace topology. 
This is the weakest topology with respect to which the canonical projections onto 
the coordinates are continuous. The space of continuous real-valued functions on 
E^ is denoted by C{E'^). Note that the geometric potential function ^ belongs 
to C{E'^). A crucial property of the geometric potential function is whether it is 
lattice or non-lattice. 

Definition 3.12 (Cohomologous, lattice, non-lattice). (i) Two functions /i, 

/2 G C{E'^) are called cohomologous^ if there exists a function -0 G C{E^) 
such that /i — /2 = V' ~ ^ ° f ■ A function / G C{E'^) is said to be lattice, 
if / is cohomologous to a function whose range is contained in a discrete 
subgroup of R. Otherwise, we say that / is non-lattice. 
(ii) If the geometric potential function £^ is non-lattice, then we call the cGDS 
$ (and inaccurately also F) non-lattice. On the other hand, if ^ is lattice, 
then we call $ (and inaccurately also F) lattice. 

We let H{ijL-s^) denote the measure theoretical entropy of the shift-map a with 
respect to the unique cr-invariant Gibbs measure for the potential function 

—S^ (see (5.4) for a definition). The unique probability measure i' supported on F, 
which for all distinct e,e' G E satisfies 

(3.1) Z/(0e(^t(e))n0e'(^t(e'))) -0 and v{^,B) = j \4>',\^ dv 

J B 

for all Borel sets B C ATtj-gj is called the S-conformal measure associated with <i>. 
The statement on the uniqueness and existence is provided in [MU03, Theorem 
4.2.9] and goes back to the work of [Pat 76, Sul79, DU91]. 

For a vertex v G V wc denote the set of edges whose initial and respectively 
terminal vertex is v by 

ly -.^{eeEl i{e) = v} and Ty := {e G E \ t{e) = v}. 

Moreover, for ?i G N we set 

4^ := {^EEll ^(^l) = v}, T^^ := {uj e E^J t{u:^) = v}, 

:= {uo&E^\ z(c.i) = v}. 
For a finite word u G E\ the uj-cylinder set is defined to be 

[uj] {u G E^ I for i G {1, . . . , n{u})}}, in particular [0] = E^ . 
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Fundamentally important objects in our main statements are the primary gaps 
of F and their images. These are certain intervals in the complement of the limit 
set, which arc defined in the following way. Set 

(3.2) i-^/y y (^[e]), 

\eG/„ / ee/„ 

where V £ V and (Y) denotes the convex hull of a set F C M. We let Uy denote the 
number of connected components of L^. In Proposition 5.2 we show that IJ^gy L'" ^ 
if A^(F) = 0, hence, X^jjsv — ^- denote the connected 

components of by L""'^ , where j ranges over {1, . . . , n„} and call the sets L"'-' 
the primary gaps of F. For every w € T* we define L^'-' ;= (p^^L""'^) and call these 
sets the image gaps of F. 

3.2. Exposition of the Main Results. Wc arc now able to present our main 
results and for this purpose fix the notation which wc introduced in Section 3.1. We 
in particular let $ := ('?!>e)ee£; denote a cGDS with aperiodic irreducible incidence 
matrix and let F denote its limit set. We set S := dimjv/(-F) and let ^ denote the 
geometric potential function associated with $. Further, we denote by i?(/.i_5^) 
the measure theoretical entropy of the shift-map a with respect to the unique shift- 
invariant Gibbs measure H-s^ for the potential function —S^ (see Section 5.2). 

Theorem 3.13 (cGDS - Fractal Curvature Measures). Assume that \^{F) ~ 0. 
Then the following hold. 

(i) The average fractal curvature measures of F always exist and are both 
constant multiples of the S-conformal measure v associated with F , that is 

H[p.-sO (1 - 5)H{n^sO 

where the constant c is given by the well-defined positive and finite limit 

(3.3) c:= hm EE E l^^''!'- 

vev j=i ueT^ 

(ii) If is non-lattice, then both the 0-th and 1-st fractal curvature measures 
of F exist and satisfy Cl{F, •) = C/(F, •) for k e {0, 1}. 

(Hi) // f is lattice, then there exists a constant c G M such that C'l{F,B) < c 
for every Borel set B <ZM. and k £ {0, 1}. Moreover, Cj.{F,M.) is positive 
for k € {0, 1}. // additionally the system $ consists of analytic maps, then 
neither the 0-th nor the 1-st fractal curvature measure exists. 

Note that items (ii) and (iii) in particular show that the scaling exponents of F 
can alternatively be characterised by so(F) = sup{f G R | e*'\^{dF^) — !■ oo as £ — s- 
0} and si{F) = sup{t G M | e^\^{F^) ^ oo as £ ^ 0}. 

Using the definition of the Minkowski content and Proposition 3.7, we see that 
the existence of the fractal curvature measures immediately implies the existence 
of the Minkowski content. Thus, the Minkowski content of F exists if ^ is non- 
lattice. The lattice case is quite interesting with regard to the Minkowski content. 
A sufficient condition under which the Minkowski content exists in the lattice case 
is given in item (iii) of the next theorem. Items (i) and (ii) of the following theorem 
are immediate consequences of Theorem 3.13. 
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For an a-Holder continuous function / e J'aiE^) (see Section 5.2) we let I'f 
denote the unique eigenmeasure with eigenvalue 1 of the dual of the Perron-Fro- 
bcnius operator for the potential function / (sec Section 5.2). 

Theorem 3.14 (cGDS - Minkowski Content). Assume that Ai(F) = and let c 
denote the constant given in (3.3). Then the following hold. 

(i) The average Minkowski content of F exists and is equal to 

MiF) = = 

(ii) If ^ is non-lattice, then the Minkowski content M{F) of F exists and 
coincides with A4{F). 

(Hi) If ^ is lattice, then we have that 

< Al(^) < MiF) < oo. 

Further, equality in the above equation can be attained. More precisely let 
Cii^ C{E^) denote two functions satisfying — (^ = ')jj — ipocr, where the 
range of C is contained in a discrete subgroup of M and a £ R is maximal 
such that (^(E"^) C aZ. //, for every t G [0,a), we have that 

(3.4) 

J2 e-'^'V^.-c o ^-\[na, na + t)) = ^j^-j ^ e-^'^'V.^c o ^~\[na, {n + l)a)), 

then M{F) ^M{F). 

Remark 3.15. (i) The sums occurring in (3.4) are in fact finite sums. 

(ii) Equation (3.4) not only implies the existence of the Minkowski content but 

also that Cl{F, R) = Cq (F, M) (see the proof of Theorem 3.14(iii)). 

An example of a lattice limit set of a cGDS, which satisfies (3.4) and thus is 
Minkowski measurable, is given in Example 4.4. However, in the special case, when 
the maps (f>e of the cGDS are similarities, (3.4) cannot be satisfied. In this case 
it even turns out, that the limit set F is Minkowski measurable if and only if the 
system is non-lattice. This provides an important extension of the result for self- 
similar sets given in [LP93, Fal95, LvF06] and is reflected in the following theorem 
(see Definition 2.8 for the definition of a self-similar set). 

Theorem 3.16 (sGDS - Fractal Curvature Measures). Suppose that $ is an sGDS. 
Assume that \^{F) = and let h^s^ denote the unique strictly positive eigenfunc- 
tion with eigenvalue one of the Perron- Frobenius operator for the potential function 
~d£, (see Section 5.2). Then, additionally to the statements of Theorem 3.13, the 
following hold. 

(i) The constant c from (3.3) simplifies to the finite sum 

c = Y,Y.^.sd^^w^^t 

uev j=i 

which is independent of the choice of g I^ . 
(ii) If ^ is lattice, then the following holds. For k G {0, 1} and for every Borel 
set i? C R for which F Ci B is a non-empty finite union of sets of the form 
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tt[uj], where to G E\, and for which (1 B = (F Cl B)^ for all sufficiently 
small e > we have that 

0<Ci{F,B) <ci{F,B) 

As an immediate consequence of Theorems 3.14 and 3.16 we obtain the following 
corollary which we state without a proof. 

Corollary 3.17 (sGDS - Minkowski Content). Under the conditions of Theo- 
rem 3.16 the following hold. 

(i) The average Minkowski content of F exists and is given by 

where the above value is independent of the choice of G . 
(ii) If ^ is non-lattice, then the Minkowski content M.{F) of F exists and is 

equal to M{F). 
(Hi) If ^ is lattice, then 

< M{F) < M{F) < oo. 

The statement that the limit set of an sGDS is Minkowski measurable if and only 
if it is non-lattice cannot be carried over to general cGDS as wc have already seen 
in Theorem 3.14. Below, we will see that this dichotomy already fails to hold for 
the subclass of piecewise C^+^-diffeomorphic images of limit sets of sGDS, where 
a G (0, 1] and C^"*"" denotes the class of real-valued functions which are differentiable 
with a-Holder continuous derivative. However, here there is a dichotomy for the 
fractal curvature measures. That is, the fractal curvature measures of such an 
image exist if and only if the underlying system is non-lattice. This is stated in 
the next theorem, where we moreover provide a relationship between the (average) 
fractal curvature measures of the limit set of the sGDS and of its piecewise C^"*""- 
diffeomorphic image. The analogue statements of Theorem 3.18(i) and (ii) have 
been obtained in [FK12] for conformal C^'''"-diffeomorphic images of self-similar 
sets in higher dimensional ambient spaces. 

Theorem 3.18 [C^'^" Images - Fractal Curvature Measures). Let R denote an 
sGDS with aperiodic irreducible incidence matrix, with associated directed multi- 
graph [V,E,i,t) and associated compact non-empty intervals {Yy),j^v Let K C K 
denote the limit set of R and assume that \^{K) = 0. For each v £ V let 
g^: Wy — !■ M denote a C^^'^'{Wy)-diffeomorphism which is defined on a connected 
open neighbourhood Wy C M ofYy such that |g(,| is bounded away from zero on Wy 
and such that the interiors of Xy := QyiYy) are pairwise disjoint and a G (0, 1]. Set 
F := Uijgy 9v{K fl Yy). Then we have the following. 

(i) The average fractal curvature measures of both K and F exist. Moreover, 
Cl{F, •) is absolutely continuous with respect to the push-forward measure 

C'fe (^^, Uuey 5'i7^(')) /"'^ ^ ^ {OjI}- Their Radon-Nikodym derivative is, 
for V €V and k G {0, 1}, given by 

dCliF,-) 



Wyog^'l' 



where 6 := dimA/(^''^) denotes the Minkowski dimension of K. 
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(ii) If R is non-lattice, then the fractal curvature measures of both K and F 
exist and coincide with the respective average fractal curvature measures. 

(Hi) If R is lattice, then neither the 0-th nor the 1-st fractal curvature measure 
of K and F exist. 

We have already alluded to the observation that there exist C^"''"-diffeomorphic 
images of sets arising from lattice sGDS, whieh are Minkowski measurable. In faet, 
for every limit set K of a lattice sGDS there exist C^+"-diffeomorphisms g such 
that g{K) is Minkowski measurable. The explicit form of such diffeomorphisms is 
given in item (iii) of the next theorem. 

Theorem 3.19 (C^+"-Images - Minkowski Content). Suppose that we are in the 
situation of Theorem 3.18. Let v denote the 5-conformal measure associated with 
K . Then we have the following. 

(i) The average Minkowski content of both K and F exist and they are related 
by 

M{F) = M{K)-Y. I IffilW 

(ii) If R is non-lattice, then the Minkowski contents of both K and F exist and 
coincide with the respective average Minkowski contents. 

(iii) Assume that K C [0, 1] and that the geometric potential function Q asso- 
ciated with R is lattice. Let a > be maximal such that the range of 
is contained in aZ. Define M — >■ R, g{x) oo,x]) to be the dis- 

tribution function of v. For n € N define the function gn'. [— l,oo) — > M 
by 

9n{x) := f^{g{r){e'^--l) + l)-"'dr 

and set F""- := gn{K). Then for every n e N we have M{F"-) = A7(F"). 

Items (i) and (ii) of the preceding theorem are direct consequences of the respec- 
tive items in Theorem 3.18 together with Theorem 3.13. The proof of item (iii) has 
been given in [KK12, Corollary 2.18(iii)] for self-conformal sets. For limit sets of 
cGDS the proof follows through by using Theorem 3.14(iii) and thus, we are not 
going to repeat it here. 

Remark 3.20. The sets i^" constructed in Theorem 3.19 are actually not only 
Minkowski measurable but also satisfy C^{F^'-) = Cq(F") (see [KK12, Remark 
2.19]). 

The set F constructed in Theorem 3.19 is a limit set of a cGDS. Sets of such type 
play an important role in the theory of general lattice cGDS. Namely, if a lattice 
cGDS consists of analytic maps, then its limit set F is an image of a limit set of an 
sGDS under a piecewise C^"'""-difFeomorphism: 

Theorem 3.21 (Lattice analytic cGDS). Let ^ be a lattice cGDS consisting of 
analytic maps and let F d M. denote its limit set. Then there exists a limit set 
K d of a lattice sGDS, with associated non-empty compact intervals {Yv)v^v 
and C^^"(Wv) maps (?„ : Wy R with \g'^\ bounded away from zero, where Wy is 
an open neighbourhood ofYy and a 6 (0, 1], such that F ~ UvevSf ^ Yv)- 

We end this section with concluding remarks addressing conjectures from [Lap93] . 
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Remark 3.22 (On two conjectures by Lapidus from 1993). (i) Conjecture 3 in 

[Lap93] states that under the OSC a non-degenerate self-similar set in R'' 
is Min-kowski measurable if and only if it is non-lattice. This conjecture 
was proven to be correct in space dimension d = 1 in [LP93; Fal95, LvF06] 
under the assumption that the feasible open set is connected. For higher 
dimensional spaces the part concerning the lattice situation is still an open 
problem. With Corollary 3.17 we have seen that the Minkowski content of 
a limit set of an sGDS in M exists if and only if the sGDS is non-lattice. 
Thus, Corollary 3.17 shows that [Lap93, Conjecture 3] is also valid for the 
more general class of limit sets of sGDS in M and in this way provides an 
important extension to the result from [LP93, Fal95, LvF06]. Moreover, 
Corollary 3.17 also allows to consider self-similar systems where the OSC 
is satisfied with disconnected feasible open sets (see Section 4.2). 
(ii) In the same paper, [Lap93], a similar conjecture is posed for so-called 'ap- 
proximately' self-similar sets, namely [Lap93, Conjecture 4]. A precise 
definition of what is meant by an 'approximately' self-similar set is not 
given. However, limit sets of Fuchsian groups of Schottky type are men- 
tioned as examples. Since conformal maps locally behave like similarities, 
we also view self-conformal sets and limit sets of cGDS as being 'approxi- 
mately' self-similar. Each of the following three paragraphs deals with one 
of these classes of examples. 

Self-conformal sets have already been treated in [KK12]. The results 
thereof combined with [LP93, Corollary 2.3] provide a negative answer 
to [Lap93, Conjecture 4] for such sets (see also [KK12, Example 2.20]). 
Note that [KK12, Theorem 2.12] combined with [LP93, Corollary 2.3] in 
particular shows that there exist fractal strings with lattice self-conformal 
boundary for which the asymptotic second term of the eigenvalue counting 
function iV(A) of the Laplacian (in the sense of [LP93]) is monotonic. We 
thank M. Lapidus for pointing out this connection to us. 

By definition (see Definition 2.8), self-conformal sets are special types 
of limit sets of cGDS and thus, the results from [KK12] already imply that 
Minkowski measurability of the limit set of a cGDS is not equivalent to 
the cGDS being non-lattice. However, Theorem 3.14 shows the validity of 
one implication, namely that limit sets of non-lattice cGDS are Minkowski 
measurable. In this context it is worthwhile to observe that we obtain the 
reverse implication for the fractal curvature measures of piecewise C^"*""- 
diffcomorphic images of limit sets of sGDS in Theorem 3.18. 

Finally, note that limit sets of Fuchsian groups of Schottky type can be 
represented as limit sets of cGDS (see Section 4.5). It is well known that 
such limit sets are always non-lattice (see for example [Lal89, Part II]). 
Combined with [LP93, Corollary 2.3], Theorem 3.14 thus verifies [Lap93, 
Conjecture 4] for limit sets of Fuchsian groups of Schottky type. This 
situation will be investigated in more detail in Section 4.5. 

4. Examples of limit sets of cGDS 

We now present classes of systems which can be represented by a cGDS and 
illustrate our results for such systems. We especially focus on sets which cannot be 
treated with the previously known results from the literature. 
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4.1. cGDS derived from a cIFS. A cIFS ^' (-01, . . . , tpN) has got the property 
that every function ipi can be concatenated with any other function ipj for i,j S 
{1, . . . , N}. Here wc define a cGDS in that we additionally put transition rules on 
^P. This is done by defining an TV x iV matrix A' := j)ijg{i,...,Ar} with entries 
0, 1 which determines which functions may follow a given function, that is A[ j = 1 
if and only if ipi o ipj is allowed. The system A') then gives rise to a cGDS by 
setting V := {!,..., N}, E -.^ {1,..., M}, where M := ^ij ^^'^ "^^^^^ 

all v,v' S V with A'^ ^, — 1 there exists an edge e e E such that i{e) — v and 
t{e) = v'. 

Example 4.1. For i e {1,2,3} define : [0,1] ^ [0,1] by setting -ipiix) := x/4, 
?/'2(a;) := a;/4 + 3/8 and i'^ix) := .t/4 + 3/4 and set 

/ 1 1 
A' 1 

V 1 1 1 

A corresponding sGDS is given by V := {1, 2, 3}, i? := {1, . . . , 6}, 

/ 1 1 \ 

1 :ee {1,4} 

2 : e = 5 A := 

3 :eG {2,3,6}, 



1 :ee{l,2} 

2 : e = 3 t{e) 
[3 :eG {4,5,6}, 



1 1 1 

1 1 1 

1 1 
1 

\ 1 1 1 y 



-01, ([0,1]) for veV and 



^3 '■ X3 X2 

hi : Xi X3 



X2 X3 
A3 — > A3. 



Here, r — 1/4. For determining the Minkowski content of the limit set F of the 
sGDS, we apply Corollary 3.17 and thus need to find the primary gaps. Observe 
that 

(7r[2]) = [3/16,1/4], (^[3]) = [9/16,5/8], 

(7r[5]) = [57/64, 29/32] and (7r[6]) = [15/16, 1]. 



(^[1]) = [0,1/16], 
(^[4]) = [3/4,13/16] 



Thus, 



1 3 
16' 16 

V 



and L'^ 



13 57 
16' 64 

V 



u 



29 15 
32' 16 



The primary gaps L^-^,L^-^ and L^'^ are illustrated in Figure 1. Another quantity 
in the formula of Corollary 3.17 is the eigenfunction h^g^ of the Perron-Frobenius 



{43]) 



(,r[41> _ (^[5]) _ {^[6]) 



Figure 1. Primary gaps of the cGDS from Example 4.1. 
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operator Cs^ (see Section 5.2), where S denotes the Minkowski dimension of F 
and ^ is the geometric potential function associated with $. In order to determine 
h-s^i wc first determine the measure u-s^- This is done by solving the linear 
system of equations which arises by combining the following three facts: For e £ E 
the defining equation for u-s^ implies that 1^-5^ ([ee']) ~ 4^"^ ■ i/^s^iW]) for every 
e' G Ti(e), ly^s^iie]) = Ee'eT^,,, ^-<5«([ee']) and Eeeis ^^--5? (N) = 1- The resulting 
measure v^s^ satisfies 

^_,^([l]) = i._5«([4]) = (3.4^-4-*r\ 

i^-s^m) = ly-siim) = ^-sm) = - l) • ^^-^^([l]) and 

^_,j([5]) = (l-4-^).i._,^([l]). 

To determine /i-a^, we use the approximation argument from (5.3). We let 1 denote 
the constant one- function on . Since £"^^l(u) = J^i^eT" '"^ fo'' " ^ ^-nd 
V € V, it follows that h_s^ is constant on one-cylinders. Now combining the fact 
that the eigenvalue 7_5^ is equal to one, that C-s^h^g^ = l-S(,h-s^ and that 
J h^s^diy^s^ = 1, we obtain 

3 - 4-2* 

'^-*^(-') = _2. 4-^ + 6^4* forc.iG/r, 

/i_5^(w2) = (l-4-*)-/i_5^(wi) forw2e/|o and 

/i_5^(a;3) (4*-l)-/i_5?(t^^) forw^g/goo. 

From the above evaluations we additionally infer that the Minkowski dimension d 
is the unique positive root of 

Clearly, H{ii^s^) = 5 In 4. Thus, altogether we obtain from Corollary 3.17 that 



M{F) 



l-5)51n4-(6-2-4-'5-4'5) \ V8/ \V64/ V32 



Since ^ = ln4 is lattice, Corollary 3.17 moreover implies that the Minkowski content 
of F does not exist. 

4.2. Conformal iterated function systems with disconnected feasible open 
set. By definition, a cIFS acting on X needs to satisfy the OSC with int(X) as a 
feasible open set. If we allow the OSC to be satisfied with a different feasible open 
set, then the system can still be represented by a cGDS. 

Example 4.2. For i e {1,2,3} define ipi: [0,1] ^ [0,1] by ipi{x) := x/3, ij2{x) := 
x/3 + 2/3 and ip^ix) :== x/9 + l/9 and set (■0i, ■02, "^s)- Then is not a cIFS 
in our sense since the open set condition is not satisfied with (0,1) as the feasible 
open set. (Even though the OSC is satisfied for (0, 1/3) U (2/3, 1).) However, * 
can be represented by an sGDS as follows. Set V := {1, 2}, := {1, . . . , 6}, 

/ 1 1 1 1 \ 
1 1 

^ Jl : e e {1,...,4} Jl : e e {1,3,5} 11110 

12 :ee{5,6}, 1 2 : e £ {2, 4, 6}, ~ 1 1 

11110 

\ 1 1 y 
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(nl3]) m) (xPl) 



Figure 2. Primary gaps of the limit set of the cGDS from Example 4.2. 



:= i',,{[0, 1]) for V £ {1, 2} and 

(pi: Xi — > Xi, (P3 - ^1 — > ^1, 95 -^1 — > ^2, 
<i)2. X2 ^ Xi, (pi-. X2 ^ Xi, (j)Q:X2^X2. 

Here, r = 1/3, L^-i = (4/27,5/27) and L^'i = (7/9,8/9). See Figure 2 for an 
illustration for this example. That the eigenfunction h-s^ of the Perron-Frobenius 
operator C-s(^ with eigenvalue 1 is equal to the constant one function 1 can be seen 
as follows. Firstly, Cs^l = 2/3'' + l/9'' and secondly, 1 = 2/3'' + l/9'^ which can be 
concluded from the fact that = P{~5S^), where P denotes the topological pressure 
function (sec (5.2)). Thus, by Corollary 3.17 we have 

Corollary 3.17 moreover implies that the Minkowski content of F docs not exist, 
since the range of ^ is contained in In 3 ■ Z. 

Alternatively, one can determine the average Minkowski content of this example 
by using the results of [GatOO]. However, if ')pi,ip2 and "03 were non-linear but 
conformal, then Theorems 3.13 and 3.14 could be applied, whereas this case is not 
covered in [GatOO]. 

4.3. Markov Interval Maps. For closed intervals Xi, . . . , X^ in [0,1] with dis- 
joint interior, N > 2, and X := IJi=i ^® '^^^^ ^ map g: X [0, 1] a Markov 
interval map if 

(i) g\xi is expanding and there exists a C"'^ "''"-continuation to a neighbourhood 
of Xi and 

(ii) if g{X,) nXj^0 then X^ C .g(X,) for i,j N}. 

For a representation by a cGDS, set V :— {1, . . . , N} and for v G V define Gy :~ 
{v' €V \ Xyi C g{X^)}. For every pair {v,v'), where v €V and v' E introduce 
an edge e = e{v, v') with i(e) = v and t{e) = v' . Set E := {e(w, v') \ v E V, v' £ G„} 

and define (f>e : -^t(e) — ^ -'^i(e) by (pe ■— (glxn^-,) \xt(e) for e E E. Then the repeller 
of the Markov interval map coincides with the limit set of the corresponding cGDS. 

Example 4.3. Set X^ [0,1/4], X2 := [1/4,1/2], X3 [2/3,1] and let the 
Markov interval map g: Ui=i -^i ~^ [0; 1] be given by g\xi{x) := 5a;/2, g\x2ix) ■= 
3a; — 1/2 and 51x3(2;) := 32; — 2. The graph of the Markov interval map g is presented 
in Figure 3. A corresponding sGDS is given by V :— {1, 2, 3}, E :— {1, . . . , 7}, 
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X3 






















X2 





































Xi I. Xo — — ^3 

4 2 3' 



1 



2 X3 

Figure 3. Graph of the Markov mterval map from Example 4.3. 



■free {1,2} ri:ee{l,5} 
i(e) := <( 2 : e e {3, 4} t{e) := <^ 2 : e G {2, 3, 6} := 
3:ee{5,6,7}, l3:eG{4,7}, 



/l 1 0\ 

1 1 

1 1 

1 1 1 

1 1 
1 1 

yo 1 1 ly 



h ■ Xi > Xi, : X2 > X2, 05 : Xi > X3, 



i ■ X-2 



-> Xi, (/14: X3 



X2, 06 : X2 



X3 



X. 



Here, r = 3/4. For this example, we limit om'selves to determining and illustrating 
the primary gaps, since presenting the complete calculations would not provide any 
further insights. The convex hulls of the projections of the cylinder sets are given 

by 

(7r[l]) = [0, 2/25], (^[3]) = [1/4, 1/3], (7r[5]) - [2/3, 11/15], 

(7r[2]) = [1/10, 1/5], (^[4]) - [7/18, 1/2], (7r[6]) = [3/4, 5/6], (7r[7]) ^ [8/9, 1]. 



m) ('[2]) 



(t[3]) W\) 



(t[5]) _ (,r|6|) m) 
^3,1 ^.,,2 



Figure 4. Primary gaps for the limit set of Example 4.3. 
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Thus, the primary gaps are 



L^-^ =^ (2/25,1/10), L^'^ = (1/3,7/18), L^'^ ^ (11/15,3/4) and L^''^ = (5/6,8/9). 



They are illustrated in Figure 4. This cGDS indeed is a non-lattice cGDS and hence 
the Minkowski content of its limit set exists by Corollary 3.17. 

4.4. Lattice cGDS whose limit set is Minkowski measurable. An example 
of a lattice self-conformal set which is Minkowski measurable is given in [KK12, 
Example 2.20]. In the following, we present an example of a Minkowski measurable 
limit set of a lattice cGDS which cannot be obtained via a cIFS. This adds to the 
observations concerning [Lap93, Conjecture 4] that we discussed in Remark 3.22(ii). 
To be more precise, the following example in conjunction with [LP93, Corollary 2.3] 
shows the existence of fractal strings, that have a limit set of a lattice cGDS for 
boundary, for which the asymptotic second term of the eigenvalue counting function 
A^(A) of the Laplacian (in the sense of [LP93]) is monotonic. This disproves [Lap93, 
Conjecture 4] for such sets. 

Example 4.4. Let K C [0, 1] denote the limit set of the sGDS given in Example 4.1. 
Let 5 denote its Minkowski dimension and let v denote the associated (5-conformal 
measure. Let g: M ^ M denote the distribution function of v, that is g{x) := 
v{{—oo, x\) for X £ M. For n G N define the function 5„ : [—1, oo) ^ R by 



and set F" := gn{K)- Then we have Al(^") = A^(i^"), although M{K) < M{K). 
This is a consequence of Corollary 3.17 and Theorem 3.19. 

4.5. Limit sets of Fuchsian groups of Schottky type. Here, we give a very 
brief introduction to limit sets of Fuchsian groups of Schottky type. For background 
and proofs of the statements below, we refer the reader to [Nic89, Bea95]. 

We let M := {z E C \ 5(z) > 0} denote the upper half plane in C, where 
5(z) denotes the imaginary part of z S C. We fix n G N with n > 2 and set 
V := {±l,...,±n}. We let {By)y^v denote a family of pairwise disjoint closed 
Euclidean unit balls in C intersecting the real line M orthogonally and let denote 
the unique hyperbolic conformal orientation preserving automorphism of EI which 
maps the side s_i, := MDdB^y to the side Sy := MndBy. (Note that gy is a Mobius 
transformation which is obtained on concatenating the inversion at the circle dB-y 
with the reflection at the line 5R(z) = d^, where dy = (Cy + c_„)/2 is the midpoint 
of the line segment joining the centres C-y and Cy of the balls and By and 5R(z) 
denotes the real part of z G C.) Then {gy \ v G V} is a symmetric set of generators 
of the Fuchsian group G {{gy \ v G V}) and G will be referred to as a Fuchsian 
group of Schottky type. Associated to G is a limit set L{G) C M n [Jyizy which 
is defined to be the set of all accumulation points (with respect to the Euclidean 
metric on H := HUMU{oo}) of the G-orbit G(z) := {g{z) \ g & G] for an arbitrary 
z G H. 

Such a limit set can be represented as a limit set of a cGDS in the following way: 
For defining the directed multigraph we set the set of vertices to be V , define E := 
{{v,v') £ \ v' ^ — u} to be the set of edges, t{{v,v')) :— v and i{{v,v')) := v' . 
The incidence matrix A is given by ^e,e' = 1 if t{e) = i{e') and A^^e' = else. It 
is aperiodic and irreducible, which can be seen as follows. Let e, e'" G E denote 
two arbitrary edges. The condition that n > 2 implies that there exist at least two 
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vertices v £ V \ {— t(e), — i(e"')}. Fix v as such. Since v ^ —t{e) there exists an 
edge e' G E with i(e') = i(e) and i(e') = v and hkewise, there exists an edge e" G E 
with i{e") = V and t{e") = i{e"'). Thus, Af^,„ > 0. For u G we set Xy B,„ nR 
and note that the maps can be continuously extended to H. We denote this 
extension also by gv For each e = (<(e),i(e)) € E we set 

Since each gy is a Mobius transformation with singularity in X_y, the map 0e 
extends to an analytic C^^"-diffcomorphism on an open connected neighbourhood 
W((e) of Xt(^e), for some a G (0, 1]. Moreover, the maps (pe are strict contractions by 
construction. That the limit set L{G) of the Fuchsian group coincides with the limit 
set of the above constructed cGDS is shown in [MU03, Theorem 5.1.6]. By [Lal89, 
Part II] the associated geometric potential function is non-lattice. Therefore, we 
obtain the following corollary from Theorem 3.13: 

Corollary 4.5. The fractal curvature measures of a limit set of a Fuchsian group of 
Schottky type always exist. In particular, a limit set of a Fuchsian group of Schottky 
type is always Minkowski measurable. 

Note that the above corollary proves [Lap93, Conjecture 4] for limit sets of 
Fuchsian groups of Schottky type. 

Example 4.6. In this example we want to show how a typical limit set of a Fuchsian 
group of Schottky type can be represented as a cGDS. We set V :— {±1, ±2} and 
define _B_2, _Bi and B2 to be the closed unit balls with respective centres 
—5, —2, 2 and 5. Then the maps 5^, : H — !> H arc given by 



9-2{z) 



-2z + 3 



2z + 3 J , , 5z- 

— — and 52 2 = 

z + 2 z - 
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and G := {{gy \ v G V}) is the Fuchsian group of Schottky type. For a representa- 
tion by a cGDS we set 

X_2 := [-6,-4], := [-3,-1], Xi:=[l,3] and X2:=[4,6]. 

The set of edges is given by E := {(w, v') G | w' 7^ — = *((^; ^')) ~ 



v' and the family of maps 0e for 


e e E is 


given by 










0(-2 -2) : ^-2 X_2, (f>( 


-2.-1) : 


X-2^X-l, 


0(-2,i) : 


X-2 


gi 


Xi 


0(_i _2) : X^i X^2, (f>{ 


-1,-1) : 


X-l^X_i, 


0(-i,2) : 


X-i 




X2 


0(1,-2) : Xi — ^ X-2, 


0(1,1) : 


Xi^Xi , 


0(1,2) : 


Xi 


92 


X2 


0(2,-1) ■ X2 > X_i, 


0(2,1) : 


X2^X, , 


0(2,2) : 


X2 


32 


X2 



The incidence matrix A is a 12 x 12 matrix which contains exactly three ones in 
every row and every column. 



5. Preliminaries 

We now provide some background information and auxiliary results for proving 
our main theorems. 
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5.1. Properties of cGDS. 

Proposition 5.1. Let ^ be a cGDS with limit set F. Then F is either a non-empty 
compact interval or has one- dimensional Lebesgue measure 0. 

Proof. For n £ N define U^eB^^ '/>-(^t(..„)) and set X U.ev^- " 

Ai(int(X) \ > 0, then X^{F) = by [MU03, Proposition 4.5.9]. Here, int(X) 

denotes tiie interior oiX. If on the other hand AHint(X) \ X^^)) =0, then \^{X\ 
X^^'^) = 0, since the cardinality of dX is finite. It follows that X\X'^^'' ~ 0, since 
both X and X'^'^^ are finite unions of compact intervals. Clearly then X*^") = X for 
all n e N and F = X. □ 

Proposition 5.2. Let F denote the limit set of a cGDS with aperiodic and ir- 
reducible incidence matrix (see Definition 2.2). Lf F satisfies \^{F) — 0, then 
U-uGV ^ ^^6re L"" is defined in (3.2). 

Proof Assume that U.ey = 0- Then U,ey (Uee/„ ^N) = U.evUe6/„ (^N)- 
This implies 

* f U ( U -n)) = U U ( U -n) = U U ( U -t^'^]) 



= U U (-w>= U (u-w)' 

where the second to last equality is due to the fact that the incidence matrix is 
aperiodic and irreducible. Thus, the set IJi,ev (Uee/ ^[^0 invariant under <I> 
and hence F = IJ^gy (Uee/„ ""I^])- Since we assume that A^(F) = and since the 
sets (Uee/ ""[^l) are compact non-empty intervals, it follows that (IJee/ '""I^]) a 
singleton for every v G V . Therefore, the cardinality of F is finite which contradicts 
the fact that the Minkowski dimension of F is positive (see Theorem 5.6). □ 

One of the key properties of a cGDS is the bounded distortion property. The 
following bounded distortion lemma has been obtained in [KK12, Lemma 3.2] in 
the setting of cIFS. The proof follows along the same lines also for cGDS giving the 
following lemma. 

Lemma 5.3 (Bounded Distortion). There exists a sequence (pn)neN with pn > 
for all n G N and lim„^oo Pn = 1 such that for all oj,u € with uuj € E\ and 
x,y €z 0Lj(-^t(tj„(^))) we have that 

-1 <KM<, 

5.2. Perron-Probenius Theory and the Geometric Potential Function. In 

order to provide the necessary background to define the constants in our main 
statement and also to set up the tools needed in the proofs we now recall some 
facts from the Perron-Frobenius theory. 

In the sequel wc arc going to make use of results from [MU03] which were ob- 
tained for finitely primitive conformal graph directed Markov systems (cGDMS), 
see Remark 2.6. A cGDMS is called finitely primitive, if there exists an n G N such 
that for all e,e' & E there exists an w e E"^ for which ewe' e E'^. 
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Remark 5.4. A cGDS with aperiodic irreducible incidence matrix is a finitely prim- 
itive cGDMS. 

In this subsection we always assume that the incidence matrix A is aperiodic 
and irreducible. 

Recall the definition of fi'om (2.1). We equip E^ as defined in (2.1) with 
the sub-topology of the product topology of the discrete topologies of E and let 
C{E^) denote the set of real- valued continuous functions on E'^. For / G C{E^), 
a e (0, 1) and n e N U {0} define 

var„(/) := sup{|/(w) - f{u)\ \ uj,u e E^ and uji = u; for alH G {1, . . . , n}}, 

i.i var„(/) 

sup — and 

ri>0 a 

T^{ET):= {.feC{ET) I |/|a<oo}. 

Elements of J-a{E^) are called a-Holder continuous functions on E'^. 

Remark 5.5. The geometric potential function ^ associated with a cGDS $ := 
{4'e}eeE satisfies ^ G Fa[E^) for some a G (0, 1). To see this, we let r G (0, 1) 
denote a common Lipschitz constant of (j)e for e G i?. Because of the a-H61der 
continuity of 0^, we obtain that there exists a constant c G M such that for every 
n G N we have var„(^) < cr"("-i) and varo(0 < oo. Thus, ^ G ^^{E^), where 
5 := G (0,1). 

For / G C{E^) define the Perron- Frobemus operator Cf. C{E^) C{E^) by 
(5.1) 'C/i/'(w) e/("V(w) 



u-.cru—uj 



for oj G E^ and let Cj be the dual of £/ acting on the set of Borel probability mea- 
sures on E^. By [WalOl, Theorem 2.16 and Corollary 2.17] and [Bow08, Theorem 
1.7], for each real-valued Holder continuous / G J-'a{E^), some a G (0,1), there 
exists a unique Borel probability measure I'f on E^ such that 'C^i^/ = for 
some 7/ > 0. Moreover, 7/ is uniquely determined by this equation and satisfies 
7/ = exp(P(/)). Here P: C{E'^) — >■ M denotes the topological pressure function, 
which for t/j G C{E^) is defined by 

(5.2) -P(V') ■— lini —In cxp sup Sn4>{u), 



(see [Bow08, Lemma 1.20]), where we recall that [co] := {u G E^ \ ui = for 1 < 
i < n{uj)} denotes the w-cylinder set and where the n-th ergodic sum of a map 
/: ^ R and n G N is defined to be 

n-l 

^n/:=^./oa*^ and S'o/ := 0. 

fc=0 

Further, there exists a unique strictly positive eigenfunction /i/ G C{E'^) oi Cf 
satisfying Cfhf = ^fhf. We take ft./ to be normalised so that j hfdvf = 1. By 

lif we denote the tr-invariant probability measure defined by = hj. This is 
the unique cr-invariant Gibbs measure for the potential function /. Additionally, 
under some normalisation assumptions we have convergence of the iterates of the 
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Perron- Frobenius operator to the projection onto its eigenfunction hf. To be more 
precise we have 

(5.3) Urn ||77"£7V-/V'di^/-/i/ll =0 for all tp e C{E^), 

where II • II denotes the supremum norm on C{E^). The results on the Pcrron- 
Frobenius operator quoted above originate mainly from the work of Ruelle, see for 
instance [Rue68]. 

For the geometric potential function ^ e C{E^) it can be shown that the measure 
theoretical entropy H{p^s^) of the shift-map a with respect to /i-aj is given by 

(5.4) i^(M-i«) = S f edM-iC, 

where S denotes the Minkowski dimension of F. This observation follows for exam- 
ple from the variational principle (see [Bow08, Theorem 1.22]) and the following 
resuh, which follows by combining [MU03, Theorems 4.2.9, 4.2.11 and 4.2.13]. 

Theorem 5.6. The Minkowski as well as the Hausdorff dimension of F is equal to 
the unique real number t > for which P(— i^) = 0, where P denotes the topological 
pressure function. 

5.3. Renewal Theory and Geometric Measure Theory. In the proof of The- 
orem 3.13 we are going to make use of a renewal theory argument for counting 
measures in symbolic dynamics. For this we call a function gi : (0, oo) — >■ M asymp- 
totic to a function g2 : (0, oo) — !■ R as e — !■ 0, in symbols gi{e) ^ g2{£) as e — > 0, if 
lim£_s.o gi(e)/(72(e) = 1- Similarly, we say that gi is asymptotic to 172 as t — s- 00, in 
symbols gi{t) ^ g2{t) a,s t oo, if limt^oo gi{t)/g2{t) = 1. 

The following proposition is a well-known fact which is for example stated in 
[Lal89, Proposition 2.1]. 

Proposition 5.7. Let f G J-a{E^) for some a S (0, 1) be such that for some n > 1 
the function Snf is strictly positive on . Then there exists a unique s > such 
that 

(5.5) = 1. 

The following two propositions play a crucial role in the proof of Theorem 3.13. 
The first of the two propositions is [Lal89, Theorem 1]. The second one is a refine- 
ment and generalisation of [Lal89, Theorem 3] and proved in [KK12, Theorem 3.9 
and Remark 3.10]. 

Proposition 5.8 (Lalley). Assume that f lies in J'aiE^) for some a G (0, 1), is 
non-lattice and such that for some n > I the function Snf is strictly positive. Let 
g G J-a{E^) be non-negative but not identically zero and let s > be implicitly 
given by (5.5). Then we have that 

n=0 u:a"u=ijj J J t'' sf 

as t —5- 00 uniformly for lu G E'^ . 

For 6 G R, we denote by [&] the smallest integer which is greater than or equal 
to b, by [&J the greatest integer which is less than or equal to b, and by {b} the 
fractional part of 6, that is {b} b — [b\ . 
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Proposition 5.9 (Lalley, Kessebohmer/Kombrink) . Assume that f lies in Fa{E'^) 
for some a G (0,1) and that for some n > 1 the function Snf is strictly positive. 
Further assume that f is lattice and let ^tp £ C{E^) denote two functions which 
satisfy 

where C, is a function whose range is contained in a discrete subgroup of R. Let 
a > be maximal such that C aZ. Further, let g € TaiE"^) be non-negative 

but not identically zero and s > be implicitly given by (5.5). Then we have that 

ah^sci^^) J ff(u)e~''"r*'"''''^'"'"»'ldi/_,(;(u) 



(5-6) 5(w)l{s„/(«)<t} 



(1 - c-*'^) [ Cdfi-sc 

n=Q u:a"u=uj ^ J J ^ r- si, 

as t OO uniformly for lu £ . 

In view of the existence of the average fractal curvature measures the foUowing 
proposition, which has been obtained in [KK12, Corollary 3.11], is essential. 

Proposition 5.10. Under the assumptions of Proposition 5.9 



T 

exists and is equal to 



hni / e-^* V V g(7.)l{5„/(u)<t}di 



n— u:c7'^u—uj 

h-sfju}) J gdv-sf 
sjfd^-sf 

In order to prove Theorem 3.14(iii), the following lemma which is closely related 
to Proposition 5.9 is needed (see [KK12, Lemma 3.12]). 

Lemma 5.11. Assume the conditions of Proposition 5.9 and fix a non-empty Borel 
set i? C M. For uj G E^ define the function rjs '■ (0, oo) R by 

VBit) ■■= c-** / l^-.Biu)e-'''l'^^^^-i^di^.sdu)- 

Then the following are equivalent. 

(i) limt^oo ?7s(i) exists 
(ii) T]B is constant and 
(Hi) for every t G [0, a) we have 

YC'"'i^~sC°i^~dBn[na,na+t)) = ^ ^ Y {Bn[na, {n+l)a)) . 

Another important tool in the proofs of our results is a relationship between 
the 0-th and the 1-st (average) fractal curvature measures. In order to show that 
the existence of the 0-th fractal curvature measure implies the existence of the 
1-st fractal curvature measure, we use [RWIO, Corollary 3.2] which is a higher- 
dimensional and more general version of the following theorem. 

Proposition 5.12 (Rataj, Winter). Let Y C M. be a non-empty compact set 
for which the Minkowski dimension 6 :~ dmiM{Y) exists and which is such that 
X^{Y) = 0. Then 

liminf < \immie^-'X\Y,) < limsnp s^-^ X\Y,) < limsup ^^"^"^^f'^ 

e^O I - d e^a e^O 1-0 
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For the results on the average fractal curvature measures we use [RWIO, Lemma 
4.6(ii)] which is a higher-dimensional version of the next proposition. 

Proposition 5.13 (Rataj, Winter). LetY C M 6e non-empty and compact and such 
that its Minkowski dimension 6 exists and is strictly less than 1. If Ai{Y) < oo, 
then 



e^~^X"(Y,)ds ana 



limsupllnTr^ / e^-'^X\Y.)de = {I - SyHimsup\\nT\-^ [ 
\immi\\nT\-^ J e^^^ X\Y,)de ^ {1 - 6yHinimf\\nT\-^ J e^-^X°{Y,)de. 

6. Proofs of Theorems 3.13 and 3.14 

Theorems 3.13 and 3.14 are generalisations of [KK12, Theorems 2.11 and 2.12] 
respectively. Their proofs are adaptations of the respective proofs in [KK12]. For 
convenience of the reader, we now recall the important steps from [KK12] and point 
out the necessary modifications. 

Without loss of generality we assume that {0, 1} C F C [0, 1] as otherwise the 
result follows by rescaling. We first give the proof for the 0-th fractal curvature 
measure. Fix an e > and consider the expression X^{dFg n (— oo,6])/2 for some 
6 g R. As in [KK12] we express A°(9Fe n (— oo,&])/2 in terms of the image gaps 
but obtain a different representation because of the non-allowed transitions. Note 
that X^{dF^ n (— cxD, b]) gives the number of endpoints of the connected components 
of i^e in (— oo, b], since A° is the counting measure. 
(6.1) 

A°(aF, n (-cx),6])/2 = E E#{^ ^ I Ly C (-oo,&], \Ly\ > 2£}+ci/2, 

vGV j=l 

^ V ' 

=: E{s) 

where ci G {1,2,3} depends on the value of b. For finding appropriate bounds 
on S(e), we choose an m G N U {0} such that all image gaps {L'^'^ \ v G V,j € 
{1, . . . , n„}, uj S T™} of level m arc greater than 2e. For v £ V, j £ {1, . . . ,ny} 
and UJ E T™ define 

We have the following connection. 

n^j rijj m — 1 

(6-2) E E E ^'^) ^ -(^) ^ E E E ^'^) + E • E (#^)'- 

vGVj=lujeT^ v€Vj=luj<£T^ vGV j=0 

For the following, we fix & G M \ -F. Then F n (—00, b] can be expressed as a finite 
union of sets of the form 7r[K], where k G E\. To be more precise, let ^ G N be 
minimal such that there exist k^^\ . . . , k^'^ G E\ satisfying 

(i) F n (-00, 6] = U'=i i-f^^^'^] and 

(ii) 7r[K(*)] n 7r[K(^'] contains at most one point for all i ^ j, where i,j G 
{1,. ..,?}. 

ThcnforK := U'=i[^'"'''] the function 1^ is Holder continuous. Fix a; G F™. Making 
use of the existence of the bounded distortion constant Pn{uj) of $ on c/'tj(^t(w„(^))) 
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(see Lemma 5.3), we can give estimates for E!^'^ {e), namely for an arbitrary to'" G 
we have 



n=0 u£T^ , 

OO 

(6.3) ^E E l-(^^^")l{|0U^<.<.")|.p„(^,.|L:-|>2e}+C2(w",K), 



n=OtieT" , 

H"l) 



where the constant C2{uj'",k) is needed for the following reason. L^^£ C (—00,6] 
docs not necessarily imply uojlo'" S k for an arbitrary € However, if n{u) > 
maxj^i,...^; n[K^^'>), either [uuj] C k or [uw] n k = 0. Hence, there are only finitely 
many u S T*^^^^-^ such that C (—00,6] docs not imply that we have uulo" S k 
for all S . Letting 02 (w" , k) e R denote this finite number shows the validity 
of (6.3) for all e > 0. Likewise, there exists a constant 02(0;'', k) G K such that for 
all e > 



s::'^(s)>E E l'=("^^'")l{|<(--")l■P„-,l,■li^■^l>2e}-£2('^^«)• 

ri=0 tiGT" , 

It follows that for all /? > 1 we have that 

00 

(6.4) S-^(£)>E E l'^("'^^")l{|<(--)|•p-,•|i:'^l>2e«-C2(^^«)• 



n=OMeT" , 

) 



For every u g fix an lo^ £ . Combining (6.1) to (6.4) we obtain that for all 
m G N and all /3 > 1 wc have that 

(6.5) C^(F,(-^,6]) <limsupe*^g 5^ X''(^",£,«) and 

(6.6) C^(F,(-oo,6]) > liminf/^2 ^ A^'J■(LJ^ e/3, k). 

In order to prove Theorems 3.13 and 3.14 we want to apply Propositions 5.8 and 5.9 
to obtain asymptotics for both the expressions A"^'' [u" , e , k) and A^'-* (w", e/3, k). 
For this, note that 



E lK(Mt^w'') • 

= E • ii 



(■KUUJ^-)\-p^^^y\Ll'^>2E] 



(6.7) = ^ l.(u)-l 



The hypotheses and Remark 5.5 imply that the geometric potential function ^ is 
Holder continuous and strictly positive. The unique s > for which 7-s4 ~ 1 is 
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precisely the Minkowski dimension S of F, which results by combining the fact that 
7_s^ = cxp(P(— s^)) for each s > and Theorem 5.6. 

Before we distinguish between the lattice and non-lattice case, we prove the 
following lemma, which is an adaptation of [KK12, Lemma 4.1]. 

Lemma 6.1. For every v (1 V fix an a;" G F^ . Then for an arbitrary T E W we 
have that 

(i) T < Y.v(^v E"=i Ec^eT" h_s^[u)uj''){\L'"J\p^Y for allmeN implies 



T < liminf V V V |L; 



v£V j=l wGT^ 



(^^) T > E.ev EZi EceT" h^sd^uj-){\Ly\p-^^) for allmeN imph 



les 



T>limsnp5]5^ ^ \L:;=t 

vtz V J — 1 u^T^ 

Proof. We are first going to approximate the eigenf unction hss, of the Perron- 
Frobenius operator C-s^- For that we claim that 

for each u) G E'^ and n G N, where 1 is the constant one-function. This can be 
easily seen by induction. Since C^g^X converges uniformly to the eigenfunction 
h-s(, when taking n ^ oo (see (5.3)) we have that 



Vt > 3M G N: Vn > M, Vw G 



J2 ~ h^siio 



< t. 



(^l) 



Furthermore, through Lemma 5.3 we know that 

yt' > 3AF G N: Vm > AF : |p,„ - 1| < t' . 
Thus, for all n > M and m > AF 



v^v j=i LdeT„"» 

^EEE ( E i0UW)i^+t) |i-^f(i+tY 

^EE E E 1^:^1^(1+0^^+^(1+0^ EE E i^^i'^i'-^^ 



vev 3=1 uieT^ u£T. 



veV j=l ljGT^ 
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Hence, for all t,t' > 

T < lim inf lim inf A„ 



<(l + 0''liniinfliminf5]^ ^ ^ {L^^f 



+ t(l + t')'limsup5]^ \Lyt 

We have that YTj=i Et.eT„" l-^^i'^f < Ei,ey ' Ea;eT™ ll'/'LII'^ a™, where 

II • II denotes the supremum norm. The assertion follows by letting t and t' tend to 
zero, since the sequence {am)m&n is bounded by [MU03, Lemma 4.2.12] together 
with Remark 5.4. 

The same arguments can be used to show that a lower bound in the second case 
is given by Urn sup„^^ Y.v(iV E"=i E,^eT- □ 

6.1. The Non-lattice Case. 

Proof of Theorem 3.13(ii). Even though the proof of Theorem 3.13(ii) follows along 
the same lines as the proof of [KK12, Theorem 2.11(ii)], we repeat the major steps. 
Let us fix the notation from the beginning of Section 6. 

If 1„ is identically zero, then Cl{F,{~oo,h]) = = v{F r\ {-oo,h]). Therefore, 
in the following, we assume that 1^ is not identically zero. Combining (6.3), (6.4) 
and (6.7) with the fact that 1^ is H5lder continuous allows us to apply Proposi- 
tion 5.8 to 'A^ {ijj'' ,£,k) and A^'-' (i:j^, e^, k), where w e j G {1, . . w e T*, 
S I!^ and /? > 1, and hence gives the following asymptotics. 

(6.8) X\Lo\e,K) ^ yf""^ ■ h^sd^u^) ■ {2e)-\\Ly\p^(^))' and 

(6.9) M]'i^\el3, k) ^ ^^^^ • h^sd^u:^) ' (2e/3)~'(|ir,'^|p;(l))' 

as e — J- uniformly for € . Recall that H{ji^sd ~ ^ On combining 

(6.5) and (6.8), we obtain for all m £ N that 

Now an application of Lemma 6.1 implies 

(6.10) ci{F,{-oo,b]) < — ^hminf ^ \Ly \' ■ i^.sd^). 

Analogously, we can conclude that for all /3 > 1 

C/(^^,(-oo,&])>-M:^limsup5]£ ^ \Lyf-^^sd^) 
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and hence that 

(6.11) Cf{F,{-^,b]) > ^^limsup^^ \Lyf-'^-sd^)- 

Combining the inequahtics (6.10) and (6.11) shows that aU the hmits occurring 
therein exist and arc equal. Moreover, the (J-conformal measure introduced in (3.1) 
and v^s^ satisfy the relation j/_5^(k) = i^((— oo,&]). Therefore, 

holds for every b €M.\F. As R \ F is dense in R the assertion concerning the 0-th 
fractal curvature measure follows. The result on the 1-st fractal curvature measure 
now follows by applying Proposition 5.12, as for every b e R \ we have that 
Fe n (-0O, fo] = {Fn (-00, 6])^ for sufficiently smaU e > 0. □ 

Proof of Theorem 3.14-(n). This follows immediately from Theorem 3.13(ii). □ 

6.2. The Lattice Case. This subsection addresses Theorem 3.13(iii) and Theo- 
rem 3.14(iii). 

Proof of Theorem 3. 13 (in). The third statement of Theorem 3.13(iii), namely that 
neither the 0-th nor the 1-st fractal curvature measure exists if the maps (j)e are all 
analytic, is a direct consequence of Theorem 3.21 together with Theorem 3.18(iii). 
Thus, we now focus on the boundedness and positivity. 

Since ^ is a lattice function, there exist CiV" S C(i?^) such that 

and such that C is a function whose range is contained in a discrete subgroup of R. 
Let a > be the maximal real number for which (^{E"^) C oL. Recall from the 
beginning of Section 6 that the hypotheses and Remark 5.5 imply that ^ is Holder 
continuous and strictly positive and that the unique s > for which 7-^5 = 1 is 
the Minkowski dimension 5 oi F. 

Fix the notation from the beginning of Section 6. Since 1^ is Holder continu- 
ous and since we can assume that is not identically zero, by combining (6.3), 
(6.4) and (6.7), we see that an application of Proposition 5.9 to ^A^'"* (w", £, k) and 
A^'-* (w", e/3, k) gives the following asymptotics. 



3.12) <''(w^e,A^)^C/„(w'') / e 



^ + iln- 



""t'^' dv_sc{y) and 

(6.13) A:i•^(c^^e/3,K)^[/„(w") / e I " " ^^^^'^ \dv_s^{y) 
as £ — )■ uniformly for cj^ G where 



(6.14) U^LO^ 



t Cq{F, •) is moi 

set function in the second argument. Therefore, in order to find an upper bound 



For the boundedness we first remark that Cq{F, •) is monotonically increasing as a 
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for Co{F, •) it suffices to consider Cq{F,M.). For all m e N we have 



(6 5) 

< limsupe^^^ ^ 



< limsupe* VV V C/^(a;") / c V " " i^^i'^ i"™ ^ di/_5c(w) 

Note that = c^^h^sQ and di'-a^ ~ c^'^'^'dz^-a,^. Hence, by Lemma 6.1 we have 
that 

Co^(F,R)<liminf^^ ^ |i^^^f- =: c,. 

CO e (0,^) because E.ey EJli E.gt„". I^^i'-'f < E.ey EJli E.err ll-^-ll' 
a„j, where || • || denotes the supremum norm and the sequence {am)m&i is bounded 
by [MU03, Lemma 4.2.12]. 

That Cl{F,'R) is positive can be concluded from the following, where /? > 1 is 
arbitrary. 

Ci{F,^) 

^>Niminf£^^5^ ^ ^={^\eP,E^) 

v^V j=l wST™ 

(6:13),. _ ^ f -Sa( V-(^)-;^(^^") +lin2£££g. + i 



> hminfe^VV V C/^(^") / e l ^ J dz.„,c(«) 

£ ^0 / T710C 

By using h-s^ = 'i^^h-si^ and di^-^-^ = e^'^'^'di^-^^ and Lemma 6.1, we hence obtain 
that for all /3 > 1 the following holds. 

c„^(^,M)>iimsupEE E \^'^ . iyr"cX.. ^°- 

The resuhs on C:( (F, B) and C; (F, B) are now straightforward applications of 
Proposition 5.12. □ 

Proof of Theorem 3.1^ (in). The statement on the upper and lower Minkowski con- 
tents follows from Theorem 3.13(iii). For the second statement, we use that the 
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hypotheses and Lemma 5.11 together imply that for every v £ V, j G {1, . . . ,nv}, 
uj"-' e and uj e T™ we have that 




are independent of lo, v and j and are equal, that is U = IJ_ =: U . Combining (6.5) 
and (6.12) and (6.6) and (6.13), where k ~ E^, we conclude that 



v£V j=i weT™ 



\Ly\p. 



■ U and 



2p„ 



■u, 



where Uuj{uj^) is as defined in (6.14). Applying Lemma 6.1 we obtain Cq{F,M.) = 
Cl{F,M.) and an application of Proposition 5.12 then completes the proof. □ 



6.3. Average Fractal Curvature Measures. 



Proof of Theorem 3.13(i). If ^ is non-lattice, this part immediately follows from 
Theorem 3.13(ii) and the fact that g{£) ^ c as £ for some constant c G R implies 
limT\o|lnr|~^ £~-^_g(e)d£ = c for every locally integrable function g: (0,oo) ^• 
M. 

Thus for the rest of the proof we assume that ^ is lattice and fix the notation 
from the beginning of Section 6. In particular, recall that h €R\F. We begin with 
showing the result on the 0-th average fractal curvature measure. 

Observe that limT\,o|lnT|-i /^l, c£''-id£ = \in\T^oo\T\~^ cc-^*dt = for ev- 
ery constant c e M. Fix m £ N and define M := min{|L^'^ | \ v & V,i & 
{1, . . . , G T^}/2. From (6.1) to (6.3) we deduce the following for an ar- 

bitrary uj^ e l^. 



T\0 

< limsup|lnr|~^ 

T\0 



Z? := limsup|21nT|-^ / e^-^X°{dF, n {-oo,b])de 



T 
M 



vev j=i i^eT^ 



ll\'-'X'{dF,ni~^,b])dey 
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Local integrability of the integrands implies that we have the following equation for 
all m e N and uj " G . 

= limsupT-1^^ / c-**X''(^^e-^A^)d^ 

n^, CO 



v£V j=i uieTi; 

(6.7) 

inn sup 1 

v(^V j—l uj^T^ n—Ou-.a^u—uju}^ 



< limsupVy y n±^^\ T-\n- 

Jo n...,™ ^ 



(6.15) 



EEE 



n— u:g'^ u—ujuj 



Si 



The last equality is an application of Proposition 5.10. Because (6.15) holds for all 
TO G N, an application of Lemma 6.1 gives 



m— >oo 

v£V j=l u£T^ 



limsup|21nT|-i / e^-^\^{dF,^{-^oo,h])de 

5 J ^dn-s^ 
Analogous estimates give 

liiniiif|21nT|-iy e^-'^X"{dF, D (-oo,6])de 

:/3)-*i/_ 



for all /? > 1 and hence 

liminf 1 2 In Tj-^y" e'^-^\°{dF, D {-oo,b])de 

(6.17) >|^^linisupEEEl^^'^^ 
(6.16) and (6.17) together imply that for every 6 G M \ F 

lim|21nT|-i / e^-^X'^idF, n (-oo,b])de = „^ , iy(F n (~oo,b]), 
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where the constant c := hmm-j-oo XI^gv X^^eT™ l-^w"' 1*^ ^^^^ defined. Since 

R \ F is dense in R, the statement on the 0-th average fractal curvature measure in 
Theorem 3.13(i) foUows. 

For the statement on the 1-st average fractal curvature measure, we use Theo- 
rem 3.13(iii) which states that cl{F, {—oo, b]) < oo for every b £ R \ F. Proposi- 
tion 5.12 hence implies that J^{F n (— oo, 6]) < oo for every 6 G R \ F. Since for 
every 6 € R \ F we have that {F n (— oo, = n (— oo, b] for sufficiently small 
e > 0, we can thus apply Proposition 5.13 to F n (—00,6] and obtain the desired 
statement. □ 

Proof of Theorem 3.14(i). This part follows immediately from Theorem 3 . 1 3 (i) . □ 

7. Proofs concerning the Special Cases - Theorems 3.16, 3.18 and 3.21 

In this section, we provide the proofs of the results concerning limit sets of sGDS 
and piecewise C^+^-diffeomorphic images of limit sets of sGDS. In both cases, for 
showing the statements on the non-existence of the fractal curvature measures, we 
need the following lemma, which is stated and proven in [KK12, Lemma 5.1]. 

Lemma 7.1. Let F denote the limit set of a cGDS $ := {4>e)e^E o,nd let S de- 
note its Minkowski dimension. Further, let B C M. denote a Borel set for which 
Fg D B = (F n B)g for all sufficiently small e > 0. Assume that there exists a 
positive, bounded, periodic and Borel-measurable function f : R"*" — > R"'" which has 
the following properties. 

(i) f is not equal to an almost everywhere constant function, 
(a) There exist sequences {am)mGN md {cm)meN, where am,Cm > for all 
TO G N and a„j —5-1 as m 00 such that the following property is satisfied. 
For all t > and m G N there exists an M G N such that for all T > M 

(1 - t)a„^/(T - In a„0 - c™e-^^ 

(7.1) <c-^^\°{dF,-TnB) < (l+t)a^/(r + lna„) + c™e-^^. 
Then for k G {0, 1} we have that 

CiiF,B)<ciiF,B). 

7.1. sGDS - Proof of Theorem 3.16. Throughout this section let $ := {(j)e)e£E 

denote an sGDS, thus 4>e is a similarity for every e G F. Let r^ G (0, 1) denote a 
Lipschitz constant of (f>e for e G F. Further, set r^ := r^^j^ • • • r^^^ for a finite word 
a; = wi • • • w„ G F^ . 

Proof of Theorem 3.16. We start by showing item (i). This part follows straight 
from Theorem 3.13(i) with the following considerations. For v and oj'" G 
(5.3) implies 

(7.2) hm V - lim = h-s^{u^). 

m— foo ^ — ^ m— >-oo ^ 

Moreover, since (j)e are similarities, \L^-'\ = r^\L'"'^\ for all u G j G {1, . . . ,ny} 
and w G T*. Thus, c from (3.3) simplifies to 

(7.3) c=Y,Y.^^^d^^w^=\'^ 

vev j=i 
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showing the assertion. 

In order to prove item (ii) we are going to make use of (6.12) and (6.13). 

As F n B has got a representation as a finite non-empty union of sets of the 
form Tr[uj] with uj € E'^ \ {0}, there is a set k C which is a finite union of 
cyhndcr sets and which satisfies ttk ^ F f) B. For this k, 1^ is Holder continuous. 
Furthermore, the range of the geometric potential function ^ of a lattice sGDS itself 
is contained in a discrete subgroup of M. Hence, setting C — C ^-nd tp equal to a 
constant function, we have that S^^C,+ip — ipoa with functions ip,C ^ C{E^), 
where the range of C, is contained in a discrete subgroup of M. Moreover, p„j = 1 
for al m £ N and one easily verifies that | = | holds for all v E V, 

j G {1, . . . , n„} and w G T*. For these reasons the methods from the beginning of 
Section 6 simplify in the following way. 

Let T > be sufficiently large such that Fo-t n B = {F n B)^-t and for u G F 
let uj"" G be arbitrary. Then there exists a constant c > 0, which depends on 
the number of sets 7r[a;] whose union is F Cl B, such that 

n^, oo 

= EEE E l-(")l{S„C(n)<-ln^}+C 

f7 4) ^ afe_,-e(^'-);._^g(^) ^-^''^ F^l i TT 

^,^(l-c-^'')/CdM-.c 



as T — >■ cx), where the last asymptotic is obtained by applying Proposition 5.9. We 
introduce the function / : IR+ R+ given by 



By the asymptotic given in (7.4), we know that for alH > there exists an A/ G M 
such that for all T > M we have 

(1 - t)5f{T) < e-^^X"{dF,-T n B)/2 < (1 + t)Sf{T) + ce"^^. 

Clearly, / is a strictly positive, bounded and periodic function with period a. More- 
over, / is pieccwise continuous with a finite number of discontinuities in an interval 
of length a. Additionally, on every interval, where / is continuous, / is strictly 
decreasing. Therefore / is not equal to an almost everywhere constant function. 
Thus, all conditions of Lemma 7.1 are satisfied which finishes the proof. □ 

7.2. C^+" Images of Limit Sets of sGDS; Proofs of Theorems 3.18, 3.19 

and 3.21. In this subsection we consider the case that F is the image of the limit 
set K of an sGDS under a piecewise C^+"-diffeomorphism as in Theorem 3.18. 
Throughout, we fix the notation from Theorem 3.18. By definition, each is 
bi-Lipschitz. Therefore, the Minkowski dimensions of K and F coincide (see for 
instance [Fal03, Corollary 2.4 and Section 3.2]) and are both denoted by S. 



34 



MARC KESSEBOHMER AND SABRINA KOMBRJNK 



The similarities {Re)e£E generating K and the mappings {(f>e)eeE generating F 
are connected through the equations 

0e = gi{e) O ReO g'^^ 

for each e € E. We denote by tt and tt the natural code maps from E'^ to K and 
F respectively. If we further let {re)eGE denote the respective similarity ratios of 
{Re)e<£E, we have the following list of observations. 

(A) Each map 0e ■ ^t(e) ~^ ^i(e) is differentiable with derivative 

Ve — , -1 ' ' e- 

9t(e) ° 9t(e) 

(B) The geometric potential function ^ associated with F is given by ^(w) = 
-ln|5^(^^)(5t7ii)('^^))l+ln|.9j(„,)(gtji,)(7rcrt^))|-lnr<^i, where wi^a • ■ • G 
E^. The geometric potential function C, associated with K is given by 
(■(w) = — Inr^j. Thus C is non-lattice, if and only if ^ is non-lattice. 

(C) The unique (T-invariant Gibbs measure for the potential function —(5^ coin- 
cides with the unique cr-invariant Gibbs measure for the potential function 
—6(, that is = (see for instance [MU03, Theorem 2.2.7]). 

(D) From items (B) and (C) we obtain that 

Je^ Je^ 

Further, let {^'''-'li.eyjGji,. ..,„„} denote the primary gaps of K and {L^'^}yQV,je{i,....7ii.} 
its image gaps for each w G i?^ and let {L"'^ }^gy_jg{i^...^„^_i, and{L^'-'}„gy jg{i 
respectively denote the primary and the image gaps of F. Then 

(E) The J-conformal measure v associated with F and the push-forward mea- 
sure of the (5-conformal measure v associated with K are absolutely con- 
tinuous with Radon-Nikodym derivative 

-1 



dv o gv^ 



(F) I^^ = 5.(^0 (-^-') for e J e and w e Define a 

function f:E^^R by /(w) \g[^^^^ o n{uj)\' . Since \Ly\ = r^\L"-^, 



we have 



A- EE Ei^:i-^i'' = 1™ EEE ('^"i^"^M5^(..)(-' 



n—¥oo ^ — ^ ^ — ^ ^ 

^=^EEi^"^i''^-^c(-")-fE / 

where £ 7r[a;] for each w € i?^ and w" G for w S Note that the 
above equation can be rigorously proven by using the Bounded Distortion 
Lemma (Lemma 5.3). 



MINKOWSKI CONTENT AND FRACTAL EULER, CHARACTERISTIC FOR CCDS 



35 



(G) From the fact that {Re)eeE are contractions and each g'^^ is Holder con- 
tinuous and bounded away from zero, one can deduce that there exists a 
cGDS consisting of iterates of $ ((/)e)eg£; which all are contractions. As 
this iterate also generates F, it follows that F is a limit set of a cGDS. 

Proof of Theorem 3.18. Using items (A) to (G) an application of Theorem 3.13(i) 
and (ii) to F and of Theorem 3.16 to K proves Theorem 3.18(i) and (ii). 

In order to prove item (iii) we first apply Lemma 7.1 and obtain that there exists 

a Borel set B C M for which Cl[F, B) < ci{F, B) for k e {0, 1}. From this we then 
deduce that the fractal curvature measures do not exist. For applying Lemma 7.1 we 
first introduce a family A of non-empty Borel subsets of , where denotes the 
code space associated with R. For every k G A we then construct a pair {B{k), /„) 
which consists of a non-empty Borel set B{k) C M satisfying F^nB{K) — {Fr\B{K))^ 
for all sufficiently small e > and a positive bounded periodic Borel-measurable 
function /^i M"*" R"*", such that Lemma 7.1(ii) is satisfied for B = B{k) and 
f = fn- Then, we show that there always exists a k £ A for which is not equal 
to an almost everywhere constant function, verifying Lemma 7.1(i). 

We write R =: {Re)eeE and let re S (0, 1) denote a Lipschitz constant of Re for 
e € E. Note that g^: Yy ^ Xy is bijective for every v £V. For e & E define 

and set $ := (0e)e6_E- From the fact that Re is a contraction for every e £ E and 
each g'y is Holder continuous and bounded away from zero, one can deduce that 
there exists an iterate $ of $ which solely consists of contractions. Without loss of 
generality we assume that (j)e are contractions themselves. Then $ is a cGDS and 
F is the associated limit set. The code space associated with $ is also E^ . We 
let TT and tt respectively denote the code maps from E^ to K and F. They satisfy 
= o ?F for w G E^. 

With this notation, we now introduce the family A. Fix an n e N U {0} and 
define 

I I 
A„ { IJ [k^'^] I K^'^ €EUe{l,..., 4EI}, IJ (^[k^'^]) is an interval, 

i=l i=l 
I 

y n n[uj] = for every uj £ E'lX {k^^\ . . . , k^')}}. 

i=l 

(Note that if the strong separation condition was satisfied, then A„ = { [i^] | w G 
E^}.) We remark that the condition X^{K) = implies that k C E^ for every 
K G A„, whenever n G N \ {0}. Further, note that A„ ^ for all n G N because 
of the OSC and set A :^ UjieNu{o}^"- Now, fix an n G N U {0} and a k = 
[J[^i[k^^^] G A„ and choose 9 > such that Ui=i ('f['^''^])26i n7r[aj] = for every 
we E'X\ . . . , Then B{k) \J\^i{^[k^'^]) e is a non-empty Borel subset 

of R satisfying F^ n B{k) ^ {F D B{k))^ for all £ < 6i. We let {L"'^}„ev,jG{i,. ..,»„} 
denote the primary gaps of F and {L1^'-'}v£V,j£{i,...,n^,} the associated image gaps. 
For constructing the function fix an m G N and choose M G N so that 

(i) e-^ < 9 and that 

(n) \LZ'^\ > 2e-*=^ holds for aU v e V , j € {1, . . . , riy} and to G T™ for which 
Ly C BiK). 
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Then for all T > M we have 

X° {dF,-T n B{k)) /2 = ^ ^ #{c. e T: I Ly C B{k), \Ly\ > 2e-^} + 1 

(7.5) <EE E S-^(e-^) + En.^(#i?ri + l, 

v£Vj=lu:eT^ vev j = l 

— ' 

■ Cm 

where 
Likewise 

vev j=i cjgt^" 

The purpose of the following is to give appropriate bounds on E'^'^{e~'^). We let 
^ and C denote the geometric potential functions associated with $ and R. For 
Lo G we have the following relation. 

^H = -ln|0:,^(wc.)| 

= +C('^) +ln|g^(^^)(?Fcra;)|. 

Therefore, ip: R given by '■= ^^'^\9'i(u>i)^^)\ defines a function lying 

in C(-E^) which satisfies 

^ — — -00(7. 

Let c be the common Holder constant of Qv ioTi v &V and let A; > be such that 
for each v ^ V have that \g'^\ > k on Wv We then have the following for all 
x,y € (tt [w]), where w S /" for n S N and v € V. 



(7.6) 





< 


9'M 





9'v{x) - g'v[y) 



g'viy) 



K^fci^ + K max ^^i^ 



Clearly, p„ — 1 as n — > oo. We let denote the primary gaps of 

K and {L^'-'}vev,jG{i,...,n^} the image gaps. Further, we let w^' G I!^ be arbitrary 
and w G r™. Then 

= \{g^(u,)°Ruy{R..nu:-')\■Pn^\Ly\ 

= I^U^-'TL.'')! • |.g,;(„^)(i?^^?u;'')| -p™ -r^lZ"^^! 
= exp ( - 5„(„)C(uc^w") - V'(wc.") + Inb™ • r^|i"^^ |)). 
Therefore, for such £ I^,T> max{M, M} and uj G T™ we have that 

S^(v)^{uujuj-) < -ln(2c-^) +ln(p™r^|Z"-'|) - 7^(l.c^")}. 

By construction we have 1„ G Ta{E^). By the prerequisites, C is lattice. Since 
C is the geometric potential function associated with an sGDS, the range of ( is 
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contained in a discrete subgroup of M. We let a > denote the maximal real 
number for which <^{E^) C aZ. An application of Proposition 5.9 hence yields 

X"{dF,-TnB{K.))/2~Cra 

n-o oo 

- X! X! X! X! X! ^^(^) ■ ^{5„C(^)<-ln(2c-^)+ln(p^r^|L-J|)-^(c^c^-)} 
v^V j — 1 uj^T^ n—0 u:a'^u—LOLO'" 

(7.7) 

Define [/ a (l - c"''")" (/ Cd^i^scY ■ Using that Inr^ G aZ for every ui 6 E'^ , 
the right hand side of (7.7) can be rewritten as 

Defining the function /„ : M+ — > R+ by 

/.(T) e-^^ ^ £ 5: C//.-.c(--^>^ / e-^''^^+- ^" ^1 d._,c(u) 

we thus have that for all t > there exists a A/ e M such that 

e-^^A°(aF,-T n B{n))/2 < (1 + i)pf„/„(T + Inp^) + c^e"^^. 

for all T > M and likewise, 

e-^^A°(9F,-T n B[k))/2 > (1 - t)pJf,{T - lnp„). 

Clearly, is periodic with period a. Thus, Lemma 7.1(ii) is satisfied for B ~ B{k) 
and / = /k. 

We now prove the validity of Lemma 7.1(i), that is that there exists a k S A 
for which is not equal to an almost everywhere constant function. Recall that 
{y} denotes the fractional part of y G M. Set /3 := min{{a^^ ln|L"'-' |} | v G V,j G 

{1, . . . , and /3 max{{a~^ Inji"'-' !} \ v G V, j e {1, . . . , n^}}. Wc first assume 
that P > and consider the following four cases. 

Case 1: D:={LueE^\ {a~^TP{uj)} <^}^0. 
Since tjj G C{E^) and thus D. is open, there exists a k G A such that k C D_. For 
n G N and r G (0, 1 - ^5) define r„(r) := a{n + r) + In 2. Then 

/,(r„(r))=e-^-.2-*'^^ E Uh^sd^u^yi / c-*4^1+^M^._,c(")- 

This shows that is strictly decreasing on {an + In 2, a{n + 1 — /3) + In 2) for every 
n G N. Therefore, /„ is not equal to an almost everywhere constant function. 

Case 2: D := {lo e E"^ \ {a-^i'{uj)} >^}^0. 
Like in Case 1, there exists a k G A such that k C D. For n eN and r G (0,/3) 
set T„(r) a{n - r) + In 2. Then ~ 

/K(T„(r)) = e^- ■ 2-^ ^ ^ ^ / e-*4^1 di._,a«)- 



38 



MARC KESSEBOHMER AND SABRINA KOMBRJNK 



This shows that is strictly decreasing on {a{n — /3) + In 2, an + In 2) for every 
n £ N. Therefore, is not equal to an almost everywhere constant function. 
For the remaining cases we let q* G NU{0} be maximal such that /3 + (7*(l — /3) < 

Case 3: There exists a. q £ {0, . . . ,q*} such that 

Dg := {cjeE^l §_+q{l-P) < {a-VH} < ^+ (g+ 1)(1 -^)} 0. 
As in the above cases, there exists a k G A such that k C Dq. For n G N and 
r G (0,^) set T«(r) := ain -'^ + ^+ q{l -'^) ^ r) +ln2. Then 

veVj=iujeT^ " 

This shows that is strictly decreasing on {a{n — f3 + q{l — + hi 2, a{n — (3 + 
P + q{l — /3)) + In 2). Therefore, is not equal to an almost everywhere constant 
function. 

If neither of the cases 1-3 obtains, then the following case obtains. 

Case 4: {to e \ {a-^iP{uj)} C {P + q{l~'^) \ q G {0,...,q*}}} = E"^ . 

Define := min({^+g(l - {fl-^ ln|Zj,, |} > | g G {0, . . . ,q*},aj' G E^}U{1}) 
and p := minjqi, . . . , qjv, 1 — /? + /?}. For n G N and r G (0,p/2) define T„(r) := 
0(77, + r) + In 2. Then 

= e-^"^^ • E E E f^^-^c(-^)-^ /^e-^4^-iHZ:/lld._,,H. 
veVj=iuj<£T^ •'^A 

This shows that fE°° is strictly decreasing on (an + ln2, a(7i+p/2)+hi2). Therefore, 
/e-^ is not equal to an almost everywhere constant function. 

If /3 = 0, then the same methods can be applied after shifting the origin by 
(1 -;5)/2 to the left. 

Thus, we can apply Lemma 7.1 in all four cases and obtain that there always 
exists a Borel set B{k) such that B{k)) < ci{F, B{k)) for k G {0, 1}. 

In order to deduce that the fractal curvature measures do not exist, construct a 
function 77: M — [0, 1] which is continuous, equal to 1 on B[k) and equal to on 

R\B{K)e. Then Wxnmi.^Q j i^e^d\°{dF^ n ■)/2 = cI{F,B{k)) < ci{F,B{n)) = 
limsup£_^Q/ rje^dX^{dF^ n •)/2. Thus, the 0-th fractal curvature measure does 
not exist. Using the same function 77 it follows analogously, that the 1-st fractal 
curvature measure does not exist, which completes the proof. □ 

Proof of Theorem 3.21. We define an operator C: C(R) C(M) by setting 

eeT„ 

for X G and v £V . Letting ^ denote the geometric potential function associated 
with 4> and letting tt denote the code map from the code space E^ to F, we see 
that C{g){'Kijj) ~ C-s^{g ° '^){^): where 6 denotes the Minkowski dimension of F. 

Since the maps 0e are all analytic, there exist open neighbourhoods Wy D Xy 
of Xy in C on which the maps (pe are analytic for e £ Ty. By [MU03, Lemma 
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4.2.12] the functions are uniformly bounded and the bound is independent 

of n E N. Thus, for v £ V, £"1: Wv — 5- C form a normal family in the sense 
of Montel. By (5.3) we have that £"1 o tt converges uniformly to h^s^ on E"^ . 
Therefore, converges to an analytic extension of hs^ on Wy. We denote 

this analytic extension by ft." and set V'u •= In/i". Since ^ is lattice, there exist 
C,i' e C{E^) such that 

and such that the range of C is contained in a discrete subgroup of R. We let a > 
denote the maximal real number such that ({E^) C aZ. ipy satisfies 

i^v ottI/^ = tplj^ + (5"Mn/i_5^|/„, 

as /i" satisfies 



dz^- 



<5« 



We define Xy =: [ai,,6u] for v eV and introduce the functions g^: [a^^h^] 
given by 



where £>„ := j^l e^-^y'^dy. Note that 5„([a„,6„]) [2i;,2ij + 1]. As is analytic 

by definition, the fundamental theorem of calculus implies that g'^ix) = e'^^^^'^ / D^, 
giving 

\ng[, = ■0„ - InD^. 

Furthermore, the analyticity of implies that is bounded on Xy. Therefore, 
g'y is bounded away from both and oo and hence gv is invertible. Set 

g^: [2v,2v + 1] ^ [ay,by], g^:^g~^ 

and extend g^ to an analytic function on an open neighbourhood Uv of [2w, 2v + 1] 
such that > on Uy. For e E E we define 

and introduce the code map tt given by 7r|/„ := g^^ o tt for v £V . For ui G E'^ we 
then have 

- lni?^^(7fcrw) 

= -^(w) - ln(/i_5c(w)//i_5c(f^^)) + V'(ctw) + ^(w) + ln(A(^i)/A(<.i)) 



C(u;) - In \ + In ■ 



Since the range of is contained in the group aZ and ^ and "i/) are bounded on E'^ , 
C in fact takes a finite number of values. The continuity of C implies that there 
exists an AI G N such that C is constant on each cylinder set [lj] for oj G E\^ . This 
clearly implies that £"^(-1 is constant on [lj] for all uj G £^^^ and all n E N, where 1 
denotes the constant one function. Thus, (5.3) implies that also h-s( is constant on 
cyfinder sets of length M. This can be seen by considering (w) — h-s^{u)\ for 
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u, uj lying in the same cylinder set of length M and applying the triangle inequality. 
Therefore, oj i-^ — hi\R'^_^{Trauj)\ is constant on cylinder sets of length M + 1. Since 
for each oj G E^~^^ the set {nu \ u & [uj]} has accumulation points and is compact 
and the map R'^ is analytic by construction, it follows that i?g is constant on its 
domain of definition. Therefore, the maps Re are similarities. From the fact that 
(pe are contractions and each of the is diffcrcntiable and bounded away from zero, 
one can deduce that there exists an iterate R of R := {Re)e£E which solely consists 
of contractions and thus is an sGDS. □ 
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